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Tms book originated in a desire to give to my 
private pupils a better idea of the trigonometric 
functions of obtuse angles than they could obtain 
from any book with which I was acquainted. 

I believe that a student can get a comprehensive 
and thorough knowledge of trigonometry most 
quickly and easily, if, at the outset, such definitions 
are given to the trigonometric functions as will 
apply to all angles : with this idea for a basis, I have 
endeavored to prepare an elementary text-book for 
general use. By beginning with an explanation of 
the use of the negative sign as applied to lines and 
angles, and then giving general definitions to the 
trigonometric functions, I have been able to demon- 
strate all the fundamental formulas in a perfectly 
general yet simple manner. 

While I have tried to present the subject from an 
elementary point of view, I have not lost sight of the 
fact, that, to most students, trigonometry is merely a 
stepping-stone to something higher ; and for this 
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reason I have also tried to present the results in 

such a light as will make them effective tools for the 

student in his future work. 

During the preparation and printing of the book, 

Prof. J. M. Peirce has kindly given me the benefit 

of numerous suggestions and criticisms, which have 
added greatly to its value. Appendix I. is entirely 
due to him. 
Most of the examples contained in the book have 

been selected from other trigonometries, especially 

those of Todhunter, Snowball, and Hamblin Smith. 



TABLE OF CONTENTS. 



CHAPTER L 
DEFnnnoNs asd fibst pbinciples. 

Page. 

§1. Trigonometry defined 1 

§ 2. Line regarded as traced by the movement of a point. 

Beginning and end of a line. Addition of lines defined, 2 
§3. Direction of a line. Opposite directions indicated by 
signs -{- and — . Line completely represented by mi ex- 
pression involving the points at its extremities. For- 
mulas for the sum of lines 2 

§ 4. Degree of angle. Degree of arc. Quadrant defined . 4 
§ 5. Complement and supplement of an angle or arc defined . 4 
§ 6. Circular measure of an angle the ratio of intercepted arc 

to radius 5 

§ 7. Circular measure equal to the length of the intercepted 

arc in the unit circle 5 

§ 8. Angular unit of circular measure that angle .whose inter- 
cepted arc is equal to the radius 6 

§ 9. To change from circular measure to degree measure, and 
the converse. Angular unit of circular measure equal 
to 57<'.2957796. Circular measure of 1°, 1', and 1'' . 6 
§ 10. Circular measure of 360°, 180°, 90°, and 45°, equal to 

2^, 9r, - , and -z respectively ...... 7 

§ 11. Angle r^arded as the measure of the rotation of a line, 7 

y 



VI PLANE TBIGONOMBTEY. 

§ 12. No limit to angular magnitude. Initial line. Teiminal 

line 8 

§ 13. Angle represented by three letters ; the order of the let- 
ters. Angle represented by two letters. {Peirce, No- 
tation,) 8 

§ 14. Positive and negative rotation defined . . • . .9 

1 16. lit, 2d, 8d, and 4th quadrants defined. Figure for an 

angle of each quadrant 9 

§ 16. Addition of angles 10 

1 17. Remarks about positive and negative angles • . .10 
§ 18. Angles <p and <p ± k 860^ bounded by the same lines , 11 
§ 19. Equations obtained by a general application of § 16 • 11 
§ 20. Rules concerning the directions of certain lines . .12 
1 21. Statement of a few principles of plane geometry to 

which it will be necessary to refer hereafter. . . 14 
Examples . '. 15, 16 



CHAPTER n. 

THB TBIGOirOMETBIO FUNCTIONS. 

§22. Triangle of reference formed by letting fall a perpen- 
dicular from any point of the terminal line upon the 
initial line. Figures. Signs of the sides of a triangle 
of reference 17 

§ 23. The Trigonometric Functions defined to be the six ratios 
between the three sides of a triangle of reference. 
These ratios shown to be always the same for the 
same angle, and different for different angles. Reason 
for the name *' Function" 18 

§ 24 A name given to each of the trigonometric functions. 

Versed sine 20 

§ 25. Table of «igns of the different functions for an angle 
of each quadrant. Sin and cos vary only from — 1 to 
•j- 1 ; sec and esc, from ± 1 to ± oo : tan and ctn, 
from — ooto-|-oo 20 

§26. Sin, cos, and tan, reciprocals of esc, sec, and ctn 

respectively '21 

• ft»T X /• sin OP ^ ^ cos (p «^ 

§27. tan 9 = ~. ctaqf = - — ^ 21 

' ^ cos (p^ ^ sm 9 

§ 28. Relations between sin and cos, tan and sec, ctn and esc, 22 



TABLE OF CONTENTS, vii 

§ 29. Trigonometric functions represented by straight lines . 23 

§ 30. Sin qp = i chord 2 9 26 

§ 31. Relations between the functions of (p^ (p ± k 360^, ISO*^ 

— % 180° + <p, 360° — g), and — 9 . . . .27 
§ 32. Eelations between the functions of % 909 -f % 90^ — g), 

270° + qp, and 270<> — 9 ,28 

§ 33. Complementary functions 29 

Bule for remembering the relations between the functions of 

angles in the different quadrants 

§ 34. Functions of 0^ and 3609 80 

§ 35. Functions of 90° 31 

§ 36. Functions of 180° 31 

§ 37. Functions of 270° 32 

§ 38. Functions of 3XP and 60® 32 

§ 39. Functions of 45° 33 

§ 40. Functions of 120° 33 

§ 41. Functions of 150° 34 

§ 42. Functions of 135° 34 

§ 43. Table containing the results of the last nine sections . 35 

§ 44. Increase and decrease of functions 36 

§ 45. Inverse or anti functions . 37 

Examples 39-41 

CHAPTER nL 

THE FUNCnOKS OF THB SUM AND DIFFERENCE OF TWO 
ANGLES, AND FOBMITLAS DEDUCED FBOM THEM. 

§ 46. Formulas for sin and cos of (a ± j3) in terms of sin and 
cos of a and P; general solution; figure for the case 

where a and p are acute and positive .... 42 
§ 47. Figures to assist in showing the generality of the above 

solution 45 

§ 48. Formulas for tan and ctn of (a ± /3) in terms of tan and 

ctn of a and P 46 

§ 49. Four formulas deduced from sin and cos of (a ± /?) . . 47 

§50. Formulas for the functions of 2 a 47 

§ 51. Formulas for the functions of ^ a . . . . ,48 
§ 52. Other forms for ctn 2 a, esc 2 a, tan i a, ctn i a, and from 

these, formulas for tan of (45° + ia) and (45° — Ja). 48 
§53. Twelve useful formulas deduced from the formulas 

obtained in §§ 46-61 49 

Examples 61-63 



VIU PLANE TEIGONOMETEY. 

CHAPTER IV. 

SMALL AKOLESy TBIGONOMBTBIC TABLES. 

1 64. Formulas for the computation of approximate values of 

sin and tan of a small angle. Sin V, tan 1' . . .54 

§ 55. Cos of a small angle. Cos 1' 56 

§ 56. Limits of error in the formulas of § § 54 and 55 . . 56 
§ 57. To show how a table of trigonometric functions can be 

computed 57 

§58. Examples to be solved by the student . . . .59 
§ 59. Formula for computing the sines of angles between 6(P 

and90o 59 

§ 60. Eemark about trigonometric tables 60 

§61. Interpolation 60 

§ 62. Errors incident to the use of logarithm tables ... 61 

CHAPTER V. 

BIGHT TBLAJTGLBS. 

§ 68. Remark on the solution of triangles in general . . 63 
§64. Remark on the adaptation of formulas to logarithmic 

computation 63 

§ 65. Formulas used in solving right triangles .... 64 
§ 66. Analysis of the cases which arise in the solution of right 

triangles 65 

§ 67. Case I. Given the two legs. Examples . . .66 
§ 68. Case II. Given a leg and the hypothenuse. Examples. 

Formula which will give a more accurate solution when 

a leg is nearly equal to the hypothenuse . . .67 

§ 69. Case III. Given a leg and an acute angle. Examples. 68 

§ 70. Case tV. Given the hypothenuse and an acute angle. 68 

Examples 69-71 



CHAPTER VL 

FOBMULAS BELATING TO OBLIQUE TBIANGLES. BOLXJTIOir 

OF OBLIQUE TBIANGLES. 

§ 71. The sides of any triangle are proportional to the sines of 

the opposite angles 72 



TABLE OP CONTENTS. IX 

§ 72. The stun of any two sides of a triangle is to their differ- 
ence as the tangent of half the sum of the opposite 
angles is to the tangent of half their difference . . 73 

§ 73. The square of any side of a triangle is equal to the sum 
of the squares of the other two sides, minus twice the 
product of those sides into the cosine of their included 
angle 73 

§ 74. Formula for the side of a triangle, in terms of the cosines 

of the adjacent angles and the other two sides . . 74 

§ 75. Formulas for sine and cosine of i A, ^ B, and j^ C . .75 

§ 76. Formulas for tan ^ A, tan ^ B, and tan } C, in terms of 

8, a, b, and c 76 

§ 77. Formulas for the area of a triangle, in terms of two sides 
and the included angle, in terms of one side and the 
adjacent angles, and in terms of s and the three sides . 77 

§ 78. Formula for the area of a triangle, in terms of 8 and r 

(the radius of the iuscrihed circle) . . . .78 

§ 79. Formula for the radius of the inscrihed circle, in terms 

of 8, a, b, and c, and in terms of 8, A, B, and C . .78 

§ 80. Formulas for tan ^ A, tan ^ B, and tan i C, in terms of 

r, 8, a, &, and c 79 

§ 81. Formulas for the perpendiculars pa, Pb, and pc, from the 

angles upon the sides a, b, and c respectively . , 79 

§ 82. Formulas for radius of circumscribed circle (R), in terms 
of a side and the opposite angle, and in terms of K, a, 
&, and c 80 

§ 83. Eemark on the solution of oblique triangles . . .81 

§ 84 Case I. Given two angles and a side. Examples . • 81 

§ 85. Case IL Given two sides and an angle opposite one of 
them. Geometrical discussion showing when there 
are two solutions, when there is only one solution, 
and when there is no solution. Examples . . .82 

§ 80. Case II. Second method, which will give a more accu- 
rate solutioi> when the given angle differs little from 
90^, and given sides differ little from each other. 
Example 86 

§87. Case III. Given two sides and the included angle. 

Examples 87 

§ 88. Case IY. Given the three sides. Examples . . . 89 
Examples 92-94 



X PLANE TEIGONOMETEY. 

APPENDIX I. 

RELATIONS BETWEEN THE FUNCTIONS OP ANGLES OP THE DIP- 
PEBENT QUADBANTS {v, note, p. 26). 

§ 1, Triangle of reference formed by dropping a perpendicu- 
lar from any point of the terminal line on the axis y^y 97 

§ 2. Functions of 9 ± ife 360° 97 

§ 3. Functions of — 9 . . 98 

§4. Functions of 900 + 9 98 

§5. Functions of 90° —9 and 9— 90^ 100 

§ 6. Functions of ife 90^ ± 9 100 



APPENDIX n. 

Collection of formulas and other useful matter for easy ref- 
erence 102-109 



PLANE TEIGONOMETEY. 



CHAPTER I. 

DEFINITIONS AND FIRST PRINCIPLES. 

§ 1. Trigonometry, as the name itself indicates, was 
originally simply a method of measuring triangles by 
numerical computation from any sufficient data. This 
method involves the use of certain functions of the angles, 
which we call the trigonometric functions. Modern trigo- 
nometry embraces primarily the complete theory of these 
functions in their most general relations ; while the meas- 
urement of triangles, or trigonometry proper, is reduced 
to a mere branch, or application, of the theory. 

That part of trigonometry which is occupied with the 
investigation of the general properties of the trigonomet- 
ric functions is called by some writers Angular Analysis, 
or Ooniometry; but it is to be observed that these proper- 
ties, as well as the very conception of the trigonometric 
functions themselves, are derived from the doctrine of 
similar triangles, and the whole subject (at least in its 
elements) may be regarded as a development of that 
doctrine. 

We must begin our exposition of trigonometry by 
treating of certain principles adopted in the measurement 
of lines and angles, the two kinds of geometric quantity 
which will enter into our formulas. 
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§ 2. Measurement of lines. — A line may be regarded 

as traced by the movement of a point. Thus we may 

PjQ ^ regard the straight line ad 

^ B c D (^^g- 1) as having been 

traced by the movement of 
a point from a, the beginning of the line, to d, the end 
of the line. 

* Straight lines may be added by placing the beginning 
of the second upon the end of the first (so as to form a 
continuous straight line) , the beginning of the third upon 
the end of the second, and so on. The straight line con- 
tained between the beginning of the first and the end of 
the last is a line equal to the sum of the lines to be 
added. Thus (Fig. 1) ad=ab + bc + cd. 

§ 3. a. There are many problems involving straight 
lines, in which it is neither necessary nor profitable to 
take into consideration any thing except the lengths of 
these lines. There are, on the other hand, many cases 
where it will be useful to take into account direction as 
well as length. 

b. If we define any arbitrary direction to be positive, 
then the opposite direction will be negative. For, if ab is 
any line, — ^ab can only be that line which added to ab, 
b}' the method of § 2, produces ; and that is the same 
line as ab taken in the opposite direction. 

The length of a straight line has no algebraic sign : it 
is always the same, whatever be the position or direction 
of the line. 

c. The sign + or — prefixed to a number or letter 
denoting a line has reference merely to direction. Thus, 
if a is positive, the line + a is a line whose direction is 
positive, and whose length is a units ; and the line — a 
is a line whose direction is negative, and whose length is, 
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as before, a units. But, if a is negative, -j- a is a line 
whose direction is negative, and — a is a line of the 
same length, whose direction is positive. The terms 
*' positive" and " negative " are used merely to enable 
us to distinguish between two opposite directions ; and 
we can in any figure assume any directions (not opposite) 
to be positive, but, having once assumed certain direc- 
tions t6 be positive, the opposite directions must be nega- 
tive, (v., however, § 20, d.) 

d. It is possible to represent a straight line completely 
by an expression involving the points at its extremities. 
Thus AC (Fig. 2) is an 

expression for the straight /^ _1_! q 

line which joins the points 

A and c, whose length is the distance between the points, 
and whose direction is the direction from a, the point 
indicated by the first letter, to c, the point indicated by 
the second letter. — ac denotes a line having the same 
length as the above, but an opposite direction, but this lat- 
ter line is the line ca. .•. ca = — ac, or ac -j- ca = 0. 
The truth of this equation is evident if, as in § 2, we 
regard a line as traced by the movement of a point. 
For if a point moves from a to o, and then from o back 
to a, it is evident that its final distance from the starting- 
point will be nothing. 

Similarly in each of the figures 3, 4, and 5, we have, — 

FIG. 3. 
B 



AB -j- BC -j- CA = A^ 

FIG. 4. 
BC -j- CA + AB = A^__ 

CB + BA + AC = P»Q- 5- 

' ' ^ A 



B 



This principle maybe extended to any number of points 
in the same straight line. 
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§ 4. Measurement of angles. — A right angle is divided 
into 90 equal parts called degrees ; a degree is subdivided 
into 60 minutes; and a minute, into 60 seconds. The 
degree, minute, and second are distinguished by the 
characters ® ' '' respectively. A degree of arc is ^ijg of 
the circumference of the circle to which the arc belongs. 
It evidently has different lengths for different circles. 
The degree of arc iB subdivided in the same manner as 
the degree of angle. ^ the circumference, or the arc 
intercepted by the sides of a right angle whose vertex 
is at the centre, is an arc of 90^, and is called a quad- 
rant. The same term is applied to the sector bounded 
by two radii at right angles to each other. The four 
divisions of a plane separated by two lines perpendicular 
to each other are also occasionally called quadrants. 

Central angles contain the same number of degrees as 
their intercepted arcs. 

§ 5. The complement of an angle or arc is the re- 
mainder obtained by subtracting the angle or arc from 
90°. 

The supplement of an angle or arc is the remainder 
obtained by subtracting the angle or arc from 180°. 

Thus the complement of 25° is 65° ; the supplement of 
25° is 155°. 

Two angles or arcs are therefore complements of each 
other when their sum is 90° ; and they are supplements 
of each other when their sum is 180°. 

According to these definitions, the complement of an 
angle or arc that exceeds 90° is negative. Thus the 
complement of 100° is 90° — 100° = — 10°. In like 
manner the supplement of 200° is 180° — 200° = — 20°. 
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§ 6. Circular measure of an angle. 

As has been indicated above, an angle may be measured 
in degrees and subdivisions of a degree. There is, how- 
ever, another method of measurement in use, called the 
Circular Method^ by which an angle is measured by the 
ratio of its arc in the circle described from its vertex as 
a centre to the radius of that circle. To show that this 
method is legitimate, it must be proved that any two 
angles are proportional to the radios by which we propose 
to measure them. 

Now, in the same circle, or equal circles, imgles at 
the centre are proportional to their intercepted arcs. 
Therefore (Fig. 6) , — 



d\ff=s isT 



FIG. 6. 



d\ff=^ 



r 



(I) 

(n.) 

But, since similar arcs are pro- 
portional to their radii, we have 

s s 

- = — ; that is, the ratio of intef- 
r ri 

cepted arc to radius is the same 
for the same angle, whatever the 
value of the radius. Substitut- 
ing this value of | in equation 

n. above, we get : 0' = ^: ^. Q.E.D. 




§ 7. CoBOLLABT. Any quantity can be put equal to 



s 



its measure. We can therefore put. d=^. Now when 



s 



the radius (r) is unity, we have d=z — = s; therefore the 
circular measure of an angle is equal to the length of the 
intercepted arc in a circle whose radius is unity. 
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§ 8. Angrdar unit of circular measure. 

As in § 7 we can put d = -^r. Making 5 = r we shall 
have (? = -^ = 1. Therefore the angular unit of circular 
measure is that angle wlwse intercepted arc is equal to the 
radius. 



§ 9. To change from circular measure to degree meas- 
ure, and the converse. 

We will first find how many degrees there are in the 
angular unit of circular measure ; i.e., we will reduce 6 to 
degrees when « = r. The ratio of circumference to diam- 
eter is constant for all circles, and is approximately equal 
to 3.1415927, which is represented hy the Greek letter n 
(v. Plane Geometry) . Therefore letting C, D, and R, rep- 
resent circumference, diameter, and radius respectively, we 

C 
have ^ = ;r ; .•. C = ;r D ; but D = 2 R ; .•. C = arc 

860° = 2 ;r R. In the same circle, or equal circles, 
central angles are proportional to their intercepted arcs : -r- 

angle d arc S S , , « ^v R 1 

= 7;=;r^=(wlienS=R)--— r= — 



angle 360° arc C 2;rR ^ '^2;rR 2;r 

360° 180° 180° 

• •• angular unit = — — = = r-TT^TTT;;; 

^ 2n n 3.1415927 

= 57° 2957795. 
Conversely, the units of degree-measure have the follow- 
ing values in circular measure ; and these values are also 
the lengths of the corresponding arcs of the unit cir- 
cle: — 

circ. meas. 1° =— =0.01745329, 

180 

1° 
circ. meas. 1' = — =0.00029089, 

60 

• 

1' 
circ. meas. 1"=: — =0.00000485. 

60 
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To convert an angle from one system to the other, we 
have only to multiply the given measure of the angle by 
the value of its unit in the new system. For example, 
if a; is the circular measure of an angle, its value in de- 
grees is 

XX 57.296 ; 

and the circular measure of x^ is 

a X 0.01745... ; 

<.,^ A . 0/..XO arc 360** 2 ;r R ^ 
§ 10. Angle 360° = = — — = 2n, 

Angle 180° = n, 

Angle 90°= i?r, 

Angle. 45° = ^n. 

The expressions 2 ^r, ^, \n^ and ^fi are often used to 
denote the angles which they measure. 

§ 11. General Angular Magnitude. " A clear notion 
of the magnitude of an angle will be obtained by sup- 
posing that one of its sides as ob 
(Fig. 7) was at first coincident '^'®- ^' 

with the other side oa, and that it b 

has revolved about the point o 
(turning upon o as the leg of a 
pair of dividers turns upon its 
hinge) until it has arrived at the 

position OB." — Chauvenet's Oe- ^ 

ometry. 

We can, then, regard an angle as the measure of the 
amount of the rotation of a line which turns in a plane 
about one of its own points. The angle aob (Fig. 7), 
for example, shows how much the line ob has rotated 
from its original direction oa about o as a centre. 
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§ 12. Since there is no limit to the rotation of a line 
about one of its points, there is no limit to angular mag- 
nitude. 

Let xx' and yt' (Fig. 8) be 
perpendicular to each other at 
the point o. Let ox be the 
original position of ob. When 
OB has moved to the position 
OT, it makes with ox an angle 
of 90° ; when to the position 
ox', an angle of 180° ; when to 
the position oy', an angle of 
270° ; when to ox again, an an- 
gle of 360° ; if it continues to move to oy, an angle 
of 360° -}- 90°, or 450° ; and, as long as ob continues 
to move, the angle xob continues to increase, ox, the 
original position of the line ob, is called the initial line 
with respect to the angle xob, while ob is called the ter- 
minal line with respect to this angle. 




§ 13. When we represent an angle by three letters, we 
shall alwaj^s denote the vertex by the middle letter, a 
point through which the initial line passes by the first 
letter, and a point through which the terminal line passes 
by the third letter. 
Prof. Peirce has made use of the following angular 

notation : Let a and § (Fig. 9) de- 
note two lines. The angle which 
^ makes with a, or the angle 
alpha-beta, as it is called, is de- 
noted by the expression ", the 

lower letter denoting the initial 
line, and the upper letter the ter- 



FIG. 9. 
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minal line. Such symbols must be carefully distinguished 
from fractions. This notation may be used even in the 
case of lines which do not intersect. 



§ 14. Rotation as considered in § 12 (i.e., opposite 
that of the hands of a clock) is called positive rotation. 
Rotation in the contrary direction is therefore negative 
rotation. An angle is positive or negative according as 
it is conceived to be generated by positive or negative 

rotation. Thus, we may take box= — xob, ? = — ^. 
§ 15. Let aa' and bV (Figs. 10-13) be two straight 

FIG. II. 





lines perpendicular to each other at o, the centre of the 
circle of which oa is the radius. The arcs ab', bV, A^B^^ 
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and b"a, or the sectors aob', b'oa', a'ob", and b"oa, are 
quadrants (y. § 4). In accordance with what has been 
said about positive rotation (y. § 14), we will call the 
sector aob' (or the arc ab') the first quadrant, b'oa' 
the second quadrant, a'ob" the third quadrant, and b"oa 
the fourth quadrant. Therefore the angle marked 9 in the 
figures 10, 11, 12, and 13, is an angle of (i.e. terminat- 
ing in) the 1st, 2d, dd, and 4th quadrants, respectively. 

§ 16. Angles in the same plane may be added by first 
placing their vertices at the same point, and then placing 
the initial line of the second upon the terminal line of the 
first, the initial line of the third upon the terminal line of 
the second, and so on. The angle made by the terminal 
line of the last with the initial line of the first is an angle 
equal to the sum of the angles to be added. Thus (Fig. 
8) xop = XOB -f- boy -f- TOP. On the same principle, if 
«j (3i 75 ^> &c., are any lines in one plane, whether inter- 
secting at one point or not, we have : — 



ah='- 



§ 17. The angle aob (Figs. 12, 13) may have been 
formed either by the positive or negative rotation of ob ; 
we can therefore either consider it to be a positive angle 
having a number of degrees equal to 180° -f" a^'ob, or a 
negative angle having a number of degrees equal to 
180° — a'ob. These are, in fact, only two values, which 
differ by 860° (v. § 18). The angle aob" also (Figs. 
10-13) can be considered equal to + 270° (180° -f a'ob") , 
or equal to — 90° [—(180°— a'ob")]. 

In Fig. 10, where oc is supposed to be perpendicular 
to OB, we have the angle aoc = gp — 90°. This equa- 
tion indicates that if the rotating line rotates in the 
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positive direction by an amount equal to g) (i.e., to ob), 
and then in the negative direction by an amount equal to 
90®, it will finally take the position oc, and will make 
with the initial line (oa) the angle aoc, which will be 
positive or negative, according as 9 is greater or less 
than 90°. 

§ la If to the angle g) (Figs. 10-13), we add 360^' 
once, twice, or any integral number of times, the resulting 
angle will still be bounded by the lines oa and ob. If 
from the angle 9 we subtract 360° once, twice, or any 
integral number of times, the resulting angle will still be 
bounded by the lines oa and ob. 

The expression aob, then, may represent any one of a 
series of angles ; one angle of this series is the angle 9, 
and all the other angles of the series differ from it by 
some multiple of 360°. Thus aob = 9+ A; 360°, where 
7c stands for 0, or any integer positive or negative. This 
principle is often important in the addition of angles. 

§ 19. Bearing in mind what has been said about the 
addition of angles (§ 16), and also the contents ^of the 
preceding section, we see at once the truth and signifi- 

FIG. 14. FIG. 15 





cance of the following equations obtained firom figures 14 
and 15. 



1 
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AOD -f- DOA = k 360**, 

ACD + DOC + COB + BOA = Tc 360**, 
AOB + BOD + DOC + COA = Tc 360**, 
AOC + COB + BOD -j- DOA = Tc 360°. 

where A;, as in § 18, denotes any integer, positive, nega- 
tive, or noil. 

In like manner, if a, |S, 7, d, are any lines in one plane, — 

§ 20. Before proceeding further we must lay down rules 
concerning the directions of certain lines which we shall 
have to treat of in their relations to angles. 

a. When speaking of an angle, we shall always regard 
the vertex as a point of reference or origin with respect 
to this angle ; and we will define the directions of the 
initial and terminal lines (§12) to be always positive, 
when considered relatively to the angle. Thus, when we 
speak of the angle between two lines, we always mean 
the angle between their positive directions. 
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In each of the figures 16, 17, 18, and 19, for example, 
o, the vertex of the angle g), will be an origin, and the 
directions of the initial and terminal lines ox and ob will 
be positive. 




/» p' 




b. Through o, making with the initial line ox an 
angle of -f- 90°, draw or. The lines xx' and ty' are 
called axes. We define ox and or as the positive direc- 
tions of the axes ; ox' and oy' are therefore their negative 
directions. These are also the positive and negative direc- 
tions of all lines parallel to the axes, when considered rel- 
atively to them. Thus pm and p'n are positive, while pm' 
and pV are negative ; and lm and lV are positive, while 
LN and lV are negative. Relatively to the angle xob, 
OB is positive, and ob' negative ; but relativelj^ to the 
angle xob', ob is negative, and ob' positive. 

c. Whenever in the same problem we have to treat of 
two or more angles whose vertices and initial lines do not 
coincide, we can either refer all the angles to the same 
origin and to the same initial line, or we can regard each 
vertex as an origin, and each initial and terminal line 
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as positive, with respect to the angle to which it belongs. 
If the latter method is adopted, care must be taken not 
to confound a direction which is positive with respect to 
one angle with a direction which is positive with respect 
to a different angle ; for these directions may be, when 
compared with one another, directly opposite. 

d. When we have g) = 180°, or g) = 270°, the terminal 
line (ob) will have the negative direction of the axis: 
we shall, however, still consider ob to be positive, when 
regarded as the terminal line of gp. Suppose, for example, 

we have the right triangle 
BOO (Fig. 18). The base 
00 is negative ; and the 
• hypothenuse ob and per- 
pendicular CB are posi- 
tive. Now, suppose q) to 
increase until ob coincides 
with oc. We shall now 
regard our right triangle 
to be one whose perpen- 
dicular is zero, whose base 
oc is negative, and whose 
hypothenuse ob is, as before, positive. 

§ 21. The following principles of Plane Geometry must 
be borne in mind : — 

o. The sum of the angles of a plane triangle is equal 

to 180°. 

b. The sum of the two acute angles of a plane right 
triangle is equal to 90°. Either of these angles is then 
the complement (§ 5) of the other. 

c. When two plane right triangles have an acute angle 
and a side of the one equal to an acute angle and the 
homologous side of the other, the triangles are equal, and 
all of their homologous parts are equal. 



FIG 
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d. When two plane right triangles have an acute angle 
of the one equal to an acute angle of the other, the tri- 
angles are similar, and their homologous sides are there- 
fore proportional. 

6. The square on the h3^othenuse of a right triangle 
is equal to the sum of the squares on the other two sides. 

/. In any triangle the greater side is opposite the 
greater angle, and the converse. 

g. The sum of two sides of a triangle is greater than 
the third side. 

h. Two angles are equal when their sides are re- 
spectively perpendicular ; but we must be careful to take 
the sides of the respective angles in the same order, and 
to measure the angles in the same direction, {v. § 14.) 
In Fig. 21, for example, 
the angle B'AC=angle xoa, 
for both angles are meas- 
ured in the positive (§14) 
direction, and b'ao is 
formed by ab', which is 
perpendicular to ox, and 
AC, which is perpendicular 
to OA. Similarly, angle 
bag' = XOA, and angle x'ab' = abo. 

i. The chord of an arc of 60° is equal to the radius. 



FIG. 21. 




EXAMPLES. 

1. To what quadrant does each of the following angles 
belong? 289°, 368°, 610°, 640°, 1178°, — 80°, — 188°, 

— 1722°. 

2. Represent by figures the following angles, where in 
each case 9 = 60°, and ^ = 30° ; g) — 360°, 9 — 90°, 9 

— d-^ 180°, 9 — 270°, g) + d + 60°. 
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3. Change to circalar measure each of the following 
angles : 88° 2', 271° 63' — 18° 7', 60°, 390°, 

4. The circular measures of certain angles are as fol* 

ft 

lows : 2., 16.2, 6., — - ; find in each case the corre- 

o 

spending number of degrees. 

5. Find the lengths of the following arcs in a circle 
whose radius is unity : 60°, 30°, 150°, 330°, 18°, 268°, 135°. 

6. Find the lengths of the above arcs in a circle whose 
radius is 6. 

7. Taking the earth's equatorial radius to.be 3963 
miles, find the length of an arc of 1° on the equator. 



CHAPTER n. 

THE TRIGONOMETRIC FUNCTIONS. 

§ 22. A right triangle can always be formed by letting 
fall a perpendicular from any point in the terminal line of 
a given angle upon the initial line, produced if necessary. 
This triangle we will call a triangle of reference for the 
angle ; and, in applying the rules of § 20 to determine 
the signs of its sides, we shall always regard the h^'poth- 
enuse and base as measured from the vertex of the given 
angle, and the perpendicular as measured from the initial 
line. 

In each of the figures 22, 23, 24, and 25, for example. 
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where q) (xop) is, in each case, the given angle, we can 
form the right triangle ocb, as stated above. In order 
to form this triangle in figures 28 and 24, we must pro- 
duce the line ox in the direction ox'. 

In the above figures, the letters oj, ^, and r represent 
the base (oo) , the perpendicular (cb) , and the hypothe- 
nuse (ob) respectively, both in direction and length. 
Therefore x is positive in figures 22 and 25, and negative 
in figures 23 and 24 ; ^ is positive in figures 22 and 23, 
and negative in figures 24 and 25 ; r is positive in eaqh 
figure. But r might be made negative in each figure. 
Thus, in Fig. 22, we may take 05 = 00", y = c'V, r= 
ob", making x, y^ and r all negative. 



§ 23. The Trigonometric Functions of an angle are 
the six ratios between the three sides of a triangle formed 
as above, taking into account the signs as well as the 
lengths of these sides. 

These ratios are always the same for the same angle, 
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both in numerical value and in sign ; for if, as in figure 
22, we let fall perpendiculars from different points of 
the terminal line, as b, b', and b", we have the right 
triangles oob, ooV, and oc'V, which evidently have 
their acute angles at o equal. These triangles are there- 
fore {v. § 21, d) similar, and their homologous sides are 
proportional ; i.e., the six ratios of the sides of ocb are, 
in numerical value, respectively equal to the six ratios of 
the sides of oo'b', or oo"b". They are equal in sign as 
well ; for, in comparing any two of the triangles, the sides 
of the first either have the same directions, and therefore 
the same signs, as the corresponding sides of the second, 
as in OCB and oc'b' ; or, as in ocb and oc'V, each side 
of the second has a direction, and therefore a sign, op- 
posite to that of the corresponding side of the first ; and 
in each case the signs of the ratios are obviously the 
same. 

These ratios are, in general, different for different 
angles ; for two right triangles, not having an acute angle 
of the one equal to an acute angle of the other, are not 
similar, and their homologous sides are not proportional. 

Thus we see that the values of the trigonometric ratios 
of an angle depend, and depend only, upon the value of 
the angle ; for this reason they are called the trigonometric 
functions * of the angle. 

As soon as we have given names to these ratios, we 
shall be able to introduce into the same formula two 
entirely different kinds of quantities, — angles and straight 
lines. We shall then have made a very important step 
in the treatment of our subject. 

* "When one quantity depends upon another for its vahie, so that 
a change in the second necessitates a change in the first, the first is 
called Sk/unction of the second. 
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§ 24. To each of the six ratios mentioned above, a 
name has been given as follows : In each of tiie figures 
22, 23, 24, and 25, — 



CB 

f OB 


y 

r 


perpendicular 
hypothenuse 


iseanedtbe 

sine of 9 


abbreviated 

sin 9 


OC 


X 

r 


base 


cosine of 9 




OB 


hypothenuse 


COS 9 


CB 

OC 


X 


perpendicular 
base 


tangent of 9) 


tan qt 


oc 


X 

y 


base 


cotangent of 9 


Gtn q> 


CB 


perpendicular 


OB 
OC 


r 

X 


hypothenuse 
base 


secant of qp 


sec 9 


OB 
CB 


r 

y 


hypothenuse 
perpendicular 


cosecant of 9 


CSC 9 



In addition to the above 

1 — cos q> versed sine of q> vers 9 



§ 25. Bearing in mind what has been said about the 
signs of X, ^, and r, in § 22, we easily deduce the follow- 
ing table for the signs of the functions of angles in each 
quadrant : — 



<p 


sin 


COS 


tan 


ctn 


sec 


CSC 


1st quad 


+ 


+. 


+ 


+ 


+, 


+ 


2d quad 


+ ■ 


— 





' - 1 


\ 


+ 


dd quad 


— 


— 


+ 


+ 


— 


— 


4th quad 


— 


+ 





— 


+ 


-— 
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Since the hypothennse of a right triangle is the great- 
est of the three sides, the first two of our six ratios 
never exceed 1 in numerical value, and the last two never 
fall b^ow 1 in numerical value. Hence the sine and 
cosine vary only from — 1 to -j- 1 ; tJie secant and cosecant 
vary only from -j- 1 to -j- oo and from — 1 to — oo ; whiU 
the tangent and cotangent may have any value from — oo 

to -f-^ • 

§ 26. By § 24 we have, — 

y . 1 

smg) = -, smg)= 



r CSC CD 

•'. sing) X cscg) = l .••" ^ 

r 1 



cscg? = - cscg)= 



y^ 'Sing) 

X 1 



cosg) = -, cosg)= 



r secg) 

cos g)X sec 9=1 .*. 



• • 



r 



1 



secg)=-, «©cg)=--— 
^ X cosg? 

y 1 

tang)= -, tang)=: 



X ^ . ^ ctno) 

.'.tang) X ctng)=l .-. 

27 1 

ctng)=-9 ctng)=;= 



[1] 



y ^ tang) 

Therefore the sine^ cosine^ and tangent are reciprocals 
of the cosecant^ secarUi and cotangent respectively. 



- ,^ sm g) y « y ^ sm g) ^ r^- 

§ 27. — ^=^-i--=^=tang), .•. — ^=tang). [2] 

cosg) r r 0! cosg) ^ "^ 

cosg) aJ y a? ^ cosg) ^ r„T 

-r-^= — 5--=-=ctng), .•.-v--^=ctng), [3] 
smg) r r y "^ sing) ^ -^ 

Any two of the quantities appearing in either [2] or 
[3] beting given, it is evident that the third can be found. 



22 PLANE TBIGONOMETBY. 

§ 28. Relations between sine and cosine^ tangent and 
secant,^ cotangent and cosecant. 

By § 21 e, we have (Figs. 22-25) a?» + y« = r«, a 
formula which holds for all the figures since the squares 
of a;, y, and r are positive In all cases ; and from this 
we get : — 



+ -a = l> •'• sin' 9 + cos* 9 = 1, [4] 



lL_L?J — 

a 



T* • r 

r* «a 

^=1 + ^a, .-. sec » g) = 1 + tan« 9, [5] 

^a=l +p .-. csc» gj = 1 + ctn* g), [6] 

The above formulas enable us to solve the following 
problems : — 

To find cos (p when sin g) is given, and the converse. 

sec g> '' tang> '' *' " 

CSC g) " ctn g) " '' " 

In order, however, to solve these problems completely, 
it is also necessary to know to what quadrant cp belongs. 
When, for example, cos gj is given, we have from [4] sin g5= 

± Vl — cos * g), which does not, on account of the double 
sign of the radical, completely determine sin cp ; but, when 
we also know to what quadrant g) belongs, we know by § 25 
the sign of its sine, and can therefore completely deter- 
mine sin g). It should be noted that formulas [l]-[6] 
enable us, when any one function is given, to find all the 
others. The student is advised, before reading farther, to 
do examples 1-12 at the end of this chapter. 
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§ 29. To represent the trigonometric functions by 
straigJU lines. 

In order that the trigonometric functions, or ratios, may 
be represented by straight lines, the triangle of reference 
must be so taken for each ratio that the denominator of 
the ratio shall be unity. 

In Figs. 26-29, let gj, or the angle xop, be an angle of 




FIG. 27. 



— X 




Mt 




the 1st, 2d, 3d, and 4th quadrants respectively. From o 

as a centre, with a radius unity, describe a circle. 

T)en3 base 

sin cp = V— ^» cos (p = r — . Since the hypothenuse must 

be unity, we will, in each figure, construct the triangle of 
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reference ocb, in which the hjpothennse ob is eqnal to 
the radius, or unity. 

CB OC 

.•. smg) = -Y"=CB, cosg)=-r-=oc. 

tan q) =^—2, sec g> = yr^« By drawing a geometric tan- 
gent at A, we have the triangle of reference oat, in which 
the base oa is unity. 

AT OT 

.-. tang) = Y = AT, 8ecq>=z—=z(yt. 

ctn op = , CSC w = -^ . Through a point + 90 ** from 

^ perp ^ perp ° *^ ' 

A, draw a geometric tangent which will cut ob produced 

in some point as t' ; from t' let fall a perpendicular upon 

x'x. The triangle of reference olt' thus formed will be a 

triangle in which the perpendicular i/i' =z OAf =z 1, and 

the base ol = aV. 

QT OT' 

.•. ctng)=-Y-=OL=AV, cscg)=-^=oT'. 

versed sin 9 = 1 — cos 9 = oa — oc = ca 

From § 20 and § 22 we know that: — 
In Fig. 26, — 

oc, CB, AT, or, aV, or', and ca are positive. 
In Fig. 27,— 

CB, ot', and ca are positive, 
and oc, at, or, and aV are negative. 

In Fig. 28, — 

AT, aV, and oa are positive, 
and CB, oc, ot, and or' are negative. 

In Fig. 29,— 

oc, OT, and ca are positive, 
and CB, AT, aV, and oV are negative. 
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Putting the above results in words, we have the follow- 
ing corollaries to our original definitions (v. § 24) : — 

In a circle whose radius is unity, the trigonometric 
functions of an angle or arc may be represented by the 
following lines : — 

The sine^ by the line which measures the perpendicular 
distance of the end of the arc from* the initial line. 

The cosine, by the line drawn from the centre of the 
circle to the foot of the sine. 

The tangent, by that part of the geometric tangent at 
the beginning of the arc which is drawn from the point 
of tangency to the terminal line. 

The cotangent, by that part of the geometric tangent 
at a point -j- 90® from the beginning of the arc which is 
drawn from the point of tangency to the terminal line. 

The secant, by the line drawn from the centre of the 
circle to the end of the tangent. 

The cosecant, by the line drawn from the centre of the 
circle to the end of the cotangent. 

The versed sine, by the line drawn from the foot of the 
sine to the beginning of the arc. 

What has been said in this section should not lead the 
student to regard the trigonometric functions as absolute 
lines. The trigonometric functions are not the lines 
themselves, but are merely the numbers which denote the 
ratios of the lines to the arbitrary unit which we choose as 
a radius. 



♦The word "from" indicates the direction, and therefore the 
sign of the line. 
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§ 30. In any circle the radius of which is unity ^ the sine 
of any arc is one-half the chord of twice the arc. 

In Fig. 30 let the angle b'ob or the arc b'b = 2 (p. 
FIG. 30. Draw oa so as to bisect the angle or 

2 gp ; draw the chord b'b. Since oa 
bisects the angle b'ob, we know from 
geometry that it is perpendicular to 
f" and bisects the chord b'b. .•• cb = 
^ b'b = J chord 2 (p. 




But by § 29, — 

cb = sin g? .*. sin g? = J chord 2 g) 



[7] 



§ 31.* Relations between the functions of q) ±k 360°, 

180° _g,, 180° + g), 
360° — g), — gj, and 
the functions of gj. 

Let us take any 
angle of the 1st quad- 
rant, as xop (Fig. 
31) ; let the acute 
value of this angle be 
denoted by g). xop 
then denotes either 
the angle g) or the 
angle g) ± A; 360° {v. 
§18). 




* A treatment of the subject of §§ 31, 32, and 33, covering explicitly- 
all possible values of g', is given in appendix I., which the teacher 
may at his discretion substitute for these sections. 
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Construct the angles : — 
xop' = ISO*' — g), xop" = 180° + g), 

101^"= 360° — g) or = — g). 

In accordance with this construction, the acute angles 
XOP or g), p'ox', x'op", and p^'ox are all equal to one 
another. 

Construct the triangles of reference ocb, ooV, oc'V, 
and oc^'V; each of these triangles having an acute 
angle equal to g), they are similar {v. § 21, d), and their 
homologous sides are proportional ; moreover, the perpen- 
diculars CB, c'b', c'V, and o"'b'", being opposite the equal 
angles, are homologous. Therefore the corresponding 
trigonometric functions of the angles (p,q>±k 360°, 180° 
— g), 180°+ 9? 360° — g), and — g), are numerically equal ; 
but, paying proper attention to the algebraic signs of 
these functions (y. § 25), we arrive at the following re- 
sults: — 

sin ((p ± k 360°) = sin cp 

cos (g) ± A; 360* 



') = sin g) > 
•) = cos g) ) 



[8] 



c'b' 
ob' 


CB 

— — .'.sin (180° — gj) sin g) 


ob' 


oc 
— .'. COS (180° — g)) — — cosg? 


o"b" 
ob" 


CB 

= .-.sin (180°+g))= — sing) 


oc' 
ob" 


= .'.cos (180°+ gj) — — cosg) 

4 



c'V" 



OB 

oc"' 



/ff 



OB 



77? = 



CB 

— .-.sin (360°— g)) 

or 

— .-.COS (360°— g)): 



: — Sin g) 
sin ( — g)) 

cosg) 
cos (— gj) 



[9] 



[10] 



[11] 
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FIG. 32. 



In like manner the other functions of these angles may 
be found ; they may also be found from the above by [1], 
[2], and [3]. 

§ 32. Relations between the functions of 90** + g), 
90° — g), 270° + g?, and 270° — (p. 

Let us take any angle of the 1st quadrant, as xop 
(Fig. 32) , which we wiQ call g). Construct the angles, — 

xop' = 90° — g), xop" = 90° -f g), 
xop'"= 270°— g), xop*^= 270° + (p. 

Construct, with re- 
spect to these angles,, 
the triangles of refer- 
ence OCB, ocV, oo"b", 
oc' V, and oo^V\ In 
accordance with this 
construction, the an- 
gles marked g) in the 
figure are all equal. 

The triangles ocb, 
ocV, o(/'b", oc^'V", 
and oc'^'b*^, having 
each an acute angle 
equal to g), are all 
similar (y. § 21, d), 
and their homologous 
sides are proportional. But in this case the lines oc', 
oc", oo"', and oc*^ of the triangles oc'b', oc"b", oc'V", 
and oc^'^B*^, being opposite the angle g), are homologous 
with CB of the triangle ocb ; and c'b', oV, c/'V", and 
c'^'b*^, are homologous with oo. Therefore, paying proper 
attention to the algebraic signs, we get the following 
results : — 
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(/b' 



OC 



ob' 


" 


• • 

OB 


BUI ^ «7V — i^) 


ob' 


= 


CB 

• 
• • 

OB 


co8( 90**— 9) 


c"b" 
ob" 
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OC 

• 
• • 

OB 


sin ( 90° + g)) 


oc" 
ob" 




CB 

• 

OB 


COS ( 90° + qi) 


c"'b'" 
ob'" 


«M^» « 


OC 

■ 

OB 


sin (270°— 9) 


oo"' 
ob'" 


^^^^ 4 


CB 

• 

OB 


cos (270°— 9)) 


c"'b'' 




— OC 

• 


Hin r270°4-ffi^ 



/OB 



/ OC 



IV 



It 



OB 



iv 



OB ^ ' " 

— .-.COS (270° 4- q?) 

OB ^ ' ^ 



cosg) 
sin 9 
cosg) 
sin 9 

COS 9 

sin 9 

COS 9 

sin g) 



[12] 



[13] 



[14] 



[15] 



§ 3a From [12], by [1], [2], and [3], we readfly 
obtain the following : — 



CSC (90° — 9) = sec g) 
sec (90° — 9) = CSC 9 
tan (90° — gj) = ctn gj 
ctn (90° — g?) = tan g? 



[12J 



Now, g) and 90° — g) are complements of each other: 
therefore from [12] and [12j] we see that the sine, tan- 
gent, and secant of any angle are respectively the cosine, 
cotangent, and cosecant of its complement. 

"Co", then, is merely an abbreviation for the word 
"complement's;" [12] and [12i] may therefore be 
expressed in words as follows : — 

The cosine Of any angle is its complement* s sine. 
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The cosecant of any angle is its complemenfs secant. 

The cotangent of any angle is its complement's tangent. 

Formulas 8-15 are easily remembered if we note that 
when 9 is coupled with 0^, 180^, or k 360°, the functions 
of the angles thus formed, and those of q>, are numerically 
the same; while, when g) is coupled with 90** or 270'', 
the functions of the angles thus formed, and those of g), 
are numerically complementary. 

The algebraic sign is determined in each case by sup- 
posing g) to be acute, and then noticing to what quadrant 
the resulting angle belongs. 

It will be readily seen, "by constructing proper figures, 
that formulas 8-15 hold for all values of q>. 



§ 34 r^ find the functions of &" and 860". 

FIG. 33. 

Suppose 9 (Fig. 33) to 
decrease until it becomes 
0; then y will become 0^ 
f and r will coincide with x. 




tanO°=?-=:-=o, 

X X ' 



.-. sinO° = i?=-=0, 
r r 



cos0°==-=:l, 
r 



secO°=- = l, 

X ' 



X 



X 



ctnO''=-=^=oo, CSC 0*" = - = - =00. 



y 



y 



When g) is equal to 360° we shall also have y = 0, and 
r=:x; therefore the functions of 360° are the same as 
those of 0°. 
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§ 35. To find the functions of 90° . 
Suppose (Fig. 33) q> to increase until it becomes equal 
to 90"" ; then x will become 0, and y will coincide with r. 



. sin90°=?^=l, 



csc90°=-=z=l, 

y 



cos 90° =-=- = 0, 
r r 



r r 



sec90*'=- = 7r=oo, 

X - 



tan 90° =^=^=00 
X 



• X 

ctn90° = -=- = 0. 

y y 



' These results can also be found by putting g) = in 
[12] and [12i]. 

§36. To find the functions of ISff" . 

Suppose g> (Fig. 33) to increase until it becomes 180° : 
then y will become 0, and r will become numerically equal 
to 0?, but opposite in sign. {v. § 20, d.) 



_?—?—( 



.-.sin 180° =^=-=0, CSC 180° = -=^=00, 

T r y 

cosl80°=-=— 1, tanl80° = ^=- = 0, 
r X X ^ 



sec 180°=-=— 1, ctn 180° =-=^=qo . 
a? ' ' y 



Sin 180° and cos 180° may also be found by putting 
g) = in [9], and from these the other functions by [1], 
[2], and [3]. 
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§ 37. To find the functions of 270° . 

Suppose qt (Fig. 33) to increase until it becomes 270^ : 
then X will become 0, and r will become numericaUy equal 
to y, but opposite in sign. (y. § 20, d.) 

.'. sin 270°=^=— 1 CSC 270° = -^=_ 1 

r —y 

COS 270°=-=-=0 sec 270° =h=«> 
r r 

tan 270° = ?^ =^=00 ctn270°=-=?=0 

X y y 

§ 3&. To find the functions of SCf and eU" . 

In formula 7 let qp = 30° ; this formula will then be- 
come sin 30° = i chord 60°. But by § 21, t, chord 60° 
= radius = 1. .•. sin 30° = J. .*. ftom [4] we have, — 

cos30° = + Vl — sin«30 = + Vr^ =+Vj 
= + iV3;* 

and from [2], — 



o_s^30__|__ 1 



from [3],— 



tan 30° ' 



from[l],— 



* "Why-f ? 0. zemark at end of f 28. 
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We haye then by [12] and [12i] since 

60^ = 90° — 80'' ; 
sin 60 = cos 30° = J Vs, cos 60° = sin 30° = J, 

tan 60° = ctn 30° = V3, ctn 60° = tan 30° = -^, 

2 

sec 60° = CSC 30° = 2, esc 60° = sec 30° = 



V8 



§ 39. To find the functions of 45°. 

46° is the complement of 45°. Therefore by [12] and 
[12i],- 

sin45 = cos45, tan 45° = ctn 45°, sec 45° = esc 45°. 
Whence by [4], — 

smM5° + cos«45° = l=i2sin>45° = 2oos«45°. 



.-. sin 45° = cos 45° 



=+i-- 



tan45° = ctn45°=?!^^ = l, 

cos 45° 

sec 45° = CSC 45° = . \^^ — V2. 

sin 45° 



§ 49. To find th^funaions ofl2CP^ 

120° = 180°— 60°; 
•.by [8],- 

sin 120° = sin 60° = \ V3, 

cosl20°=— oos60°=— J, 

•Why + f (v.z«in«rk«teodoff 28.) 
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cos 120° —J 7 ' 



ctn 120' 



tan 120° ~ V3' 



sec 120° = — J— 5 = ^= — 2, 
cos 120° ' 



cscl20° = -^-^=T-^= ^ 



sml20°~iV8~V3 

§ 4L To find the functions of 150^. 

160° = 180° — 30° 

sin 160° = sin 30°= J 

cos 160° = — cos 30° = — iV3, 

t^^l5Qo_ Bml50° _ i _ 1 
^^^^ -cosl60°--iV3- V3' 

ctnl50°=— ^=— VS, 
tan 160 

sec 160°= -^ ^ 



cos 160° ~ V3' 

CSOl60°=^4r7r3 = i = 2. 

sin 160° i 



§42. To find the functions of ISff^ . 

186°= 180** — 46^; 
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.by[8],- 

sin 135° 



:siii45°=Vi , 
cos 135° = — COB 45° = — Vj, 



tan 135° = 



sin 135° _ V^ _ 
cos 135° ~ 






ctnl35° = 



tan 135° — 1 






sec 135° = — l_=-l^-=-V2, 
cos 135 — V J 

CSC 135° = ^4q^ = 171 =^2. 
sm 135 Vf 



§ 43. Collecting the resnlts of the last nine sections for 
easy reference, we have : — 



Angle 


sin 


COB 


tan 


ctn 


sec 


CSC 


0° 





1 





00 


1 


00 


30° 


i 


iV3 


Vi 


V3 


2Vi 


2 


45° 


Vi 


Vi 


1 


1 


V2 


V2 


60° 


i^/S 


i 


V3 


Vi 


2 


2Vj 


90° 


1 





00 





00 


1 


120° 


iV3 


-i 


-V3 


-Vi 


— 2 


2Vi 


135° 


Vi 


-Vi 


— 1 


— 1 


_V2 


V2 


150° 


i 


-iV3 


-Vi 


-V3 


-2Vj 


2 


180° 





— 1 





00 


— 1 


00 


270° 


— 1 





00 





00 


— 1 


360° 





1 





00 


1 


00 



[16] 
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§44. Imcreax QMd detrtiue of ike fkmttUm». 
We haTe shown in S 30 tiiat, in the ciicle of which the 
ndlns is nnitj, — 

sinf = ^dioid29. 

Now, we know by geometiy that the increase of an arc 
less than a semi-ciiGomference is aooompanied by the 
increase of its chwd. Hence, if 9<90% that is, if 
2 9: < 180^, nn tp increases with tlie increase of q. Since, 

when f OO**, cos q =+Vl — sin*^, cos 9 decreases 
with the increase of sin 9, and therefore decreases with 

the increase of q». Again, tan or = -t of which the 

^ ^ ^ cosqp 

numerator increases and the denominator decreases with 
the increase of 9. Either of these changes caoses the 
increase of the fraction. Hence, if 9 < 90°, tan g: in- 
creases with the increase of qp. The reciprocal of a quan- 
tity decreases with the increase of the quantity, and vice 
versa. Hence we see that the sine, taiigent, and secant of 
an acute angle increase with the increase of the angle, while 
the cosine, cotangent, and cosecant decrea.se. 

Now, if 9 is acute, 180**— g*, 180° -t-g*, and 360°— 9, 
are general expressions for angles in the second, third, 
and fourth quadrants respectively ; and 180°4~ ^ increases 
with the increase of g), while 180° — 9 and 360° — g? de- 
crease with the increase of 9. But the functions of these 
angles are numerically equal to those of 9, by § 31. 
Hence, in the third quadrant, the rule for the increase and 
decrease of the numerical values of the functions is the 
same as in the first ; but in the second and fourth quad- 
rants the rule is opposite to the first. 

The algebraic value of a negative quantity (that is, the 
complete value, taking account of the sign) increases with 
the decrease of its numerical value, and vice versa. Be- 
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garding, then, the table of signs in § 25, we obtain the 
following resolts : — 





sin. 


COS. 


tan. 


ctn. 


86C 


CSC. 


0° 


TO 


+1 


TO 


T« 


+ 1 


Too 


1st qo. 


inc. 


dec. 


inc. 


dec. 


inc. 


dec. 


90° 


+1 


±0 


±<» 


±0 


±00 


+1 


2dqTi. 


dec 


dec. 


inc. 


dec. 


inc. 


inc. 


180° 


±0 


— 1 


TO 


Too 


— 1 


±00 


3dqu. 


dec. 


inc. 


inc. 


dec. 


dec. 


inc. 


270° 


— 1 


TO 


±00 


±0 


Too 


— 1 


4th qxL 


inc. 


inc. 


inc. 


dec. 


dec. 


dec 


360° 


TO 


+1 


TO 


Too 


+1 


Too 



[17] 



In this table, the sign before oo or shows whether 
the flinction is passing from -)- to — or from — to -)-, 
with the increase of the angle. 



§ 45. Inverse or anti functions. 

In a; = sln qp, a; is expressed as a function of qp. In 
order to express qp as a function of a;, the following nota- 
tion has been adopted : — 

q) = sin ""^ a?. 

This equation denotes that (p is that angle whose sine 
is X. 

In like manner, if ^ = cos % 2=tan qp, and w = Qec qp, 
we can write : — 



g) = cos""^y, ' qp = tan 



-1 



qp = sec ~* w. 



Sin"' oj, cos^^y, tan~*«, &c., are called the inverse or 
anti trigonometric functions, and are read antisine of x^ 
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anticosine ofy^ &c. ; they are sometimes written arc sin a;, 
arc cos 2^, arc tan«, &c., since they denote the arc, or 
angle, whose sine is a;, whose cosine is y, &c. 

In like manner we can denote the inverse or anti-loga- 
ritlimic functions. Thus, if log u=x^ then u = log ~^ x. 

The inverse of "log sin" may be written, (log sin) ~^ 
Thus, if log sin qp = 9.8421, then (p = (log sin)"^ 9.8421. 

Examples : — 

sin 45° = Vi, ton 30° = Vj, esc 270° = — 1 ; 
therefore, 
45° = sin -^ Vi, 30° = tan '^ V^, 270° = esc '^{—1). 

Any relation which can be shown to exist between the 
trigonometric functions can be expressed by means of the 
inverse nototion. If, for example, — 

sin (p sin 
ton CD = — - = — op == a?, 
^ cosqp cos • 

/sin N""^ 
then <p = ten ~^ a? = ( — ) x. 
^ \cos / 



EXAMPLES. 

1. What signs belong to the different functions of each 
of the following angles? 

289°, 368°, 610°, 640°, 1178°, —80°, —188°, —1722°. 

2. In what quadrants must an angle be taken whose 

secant = + 7? 
4 

In what quadrants must an angle be taken whose tan- 
gent =—^? 
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In what quadrants must an angle be taken whose cose- 
cant = — 2? ^ 

3. In what quadrants must A, Ai, &c., be taken in 
each of the following cases? 

sin A = + 0.809 cos Ai = — 0.599 

tan Aj = — V^ ctn. As = + 0.466 

secA4 = — V2 cscA5 = + 3.86 

4. Which of the trigonometric functions of an angle 
are never numerically less than unity? which never nu- 
merically greater than unity? which sometimes greater 
and sometimes less than unity? 

5. If CSC A = sec B, what is the relation between A 
and B? Give all the possible answers. 

6. Given sin A = ^ V3, and cos A = ^ ; find all the 
other functions of A. 

7. Given cos A = — Vj ; find all the other functions 
of A when A is an angle of the Ist quadrant ; find also 
all the functions of 90° — A. 

8. Given cos A = -—7- ; find all the other functions of 

A when A is an angle of the 4th quadrant. 

9. Given tan A = V3 ; find all the othei functions of A 
when A is an angle of the 3d quadrant. 

10. Given ctn A= I; find all the possible values of 
other functions of A. 

11. Prove sec^A .csc*A = sec*A-|-csc'A. 

12. Draw lines in and about a circle whose radius is 
unity, which represent the functions of an angle A of the 
2d quadrant when cos A = — ^ ; also when A is an angle 
of the 4th quadrant, and cos A = -|-^. 

13. Suppose A to be an angle of the third quadrant ; 
draw lines as above when tan A=-]- 1. 
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14. Find by geometry all the functions of 45*', Given 
chord 36° = 0.618, find sin 18°. 

15. Given sin A = ^, and A< 90°, what are the func- 
tions of the angles —A, 90° ± A, 180° ± A, 270° ± A, 
360° ± A? 

16. Given sin 30 = ^; what are the functions of the 
angles 3270°, 2580°, 750°, —150°, —60°, —120°? 

17. Show that formulas 8-15 hold when q) is an angle 
of the 2d quadrant. 

18. The same as the above when q) is an angle of the 
3d quadrant. 

19. Find all the functions of the following angles : 

210°, 225°, 240°, 300°, 315°, —45°. 

20. What values of A, Ai, A^, and A,, between 0° and 
720°, will satisfy the following equations : — 

sinA=:+i cosAi=: — Vj 

tanA4 = + V3 tan»A3 + 4 sin*A3=0 

21. What angles less than 360° have a cosine = — Vj? 
what a secant = — 2 ? what a tangent = + VS ? 

22. Which of the following angles have a cosine = 
— i ? which a tangent = — 1 ? which, a secant =-[- V2 ? 
45°, 120°, 225°, 240°, 315°, —240°, —315°, 600°. 

23. What values of A between 0° and 720° will satisfy 
the equation sin*A-|-5 cos^ A = 3? 

24. Given sin * A = m cos A — n ; find cos A. 

25. Given sin A = m sin B, and tan A= n tan B ; find 
sin A and cos B. 

26. Show what change is taking place in each of the 
functions of an angle when the angle is increasing from 
0° to 90°, from 90° to 180°, from 180° to 270°, and from 
270° to 360°. 

27. Given sin^ + cos^ = l; find ^. 
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28. Given sin ' ^ = r ; find 6. 

2 sec (9 

29. Givensin*^ — 2cos^-f7j = 0; findd. 

30. Prove: — 

sin*^.tand + cos"^.ctn(? + 2sin^cos^ = tan^ + ctn<?. 

31. Given cos 288° = 0.309 ; find ctnl60^ (Carry 
the result to three places of decimals.) 

32. Given tap 241° = 1.8 ; find sin 299°. 

«« ^. cos A , ,^^ . cosB 

33. Given cos x = -; — - and cos (90 — x) =l ; 

sin C cosC 

Frove cos*A+cos"B + cos*C = l. 

84. Given A = sin "^ J, B = sin ""^ | ; 
Prove A+B = 90°. 

85. Prove sin"~^aj+cos~^a?=90°. 

86. Find the value of tan (tan"^a? + ctn~^a?). 



CHAPTER ni. 



FUNCnOKS OF THE SUM AKD -DIFFERENCE OF TWO ANGLES, 
AND FORaniLAS DEDUCED FROM THEM. 

§ 46. Given the sine and cosine of any two angles, to 
find the sine and cosine of their sum and of their differ^ 
ence, ^ 

Let a and ^ denote the two angles, and let op, oa, and 

FIG. 34. 




\ 



1-4 — - 



OB be SO drawn in a plane that a = poq, (i = qob. 
Then, by § 16, — 

a::\- fi =^poq + QOR = por. 
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The angles a, ^, and a + ^, are all positive and acute 
in Fig. 34 ; but our solution is applicable to all possible 
cases (v. § 47). 

From any point, c, of the line ob, drop perpendiculars 
on OP and oq, meeting op and oq at d and b respec- 
tively. From B drop a perpendicular on op, meeting op 
at A. Then the triangles oab, obc, and odc, are triangles 
of reference for a, j3, and a + ft respectively; and we 
have — 

AB . BC . / I /iv i>c 

8ma = — , 8mp = — , sm(a + ^)= — , 

OB "^ OO V I r/ qq' 

OA /, OB / I o\ OD 

cosa = — , oos^= — , cos(a4-p)= — • 

OB '^ OC "^ ' '^'' OC 

Through b draw bs parallel to op, and meeting do at e. 
Let s and q be so taken that bs and bq are positive ; and 
let T be so taken on bc that qbt is a positive right angle. 
Then, by § 21 ^ and § 16, — 

SBT = SBQ -j- QBT = 90° -f" « > 

and BEO is a triangle of reference for this angle. Hence, 
by [13],- 

EO 

sin (90°+ «) = cos a = — , 

BC 
BE 

cos (90°+a)= — sina= — * 

BC 

Again, by J 2 and § 3, d, — 

I>0 = DB-|-EO = AB-|-EC, CD =: OA + AD = OA -)- BE. 

Then we have — 

, DC AB EC 

sin (a + p)= — = 1 

/^ ' ^^ 00 oc ' 00 
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, , ^. OD OA BE 
COS (a + ^)= — = . 

^ ^ '^^ oc oc ' oc 

The common denominator of the fractions which com- 
pose the last members of these equations is the hypoth- 
enuse of the triangle obo, while the numerators are legs 
of the triangles oab and bec. In order to express each of 
these fractions in terms of the sine and cosine of a and ^, 
we will multiply its numerator and denominator by a side 
which is common to the two triangles to which the numer- 
ator and denominator belong. Thus we haye — 

AB , EC AB OB . EC BO 
00 ' 00 OB oc ' BC oc 

OA AE OA OB^^BE BO ^ 

00 "^ OC OB * OC "•" BC * OO ' 

or, substituting the yalues given on the last page, 

sin (tf-f-^) =sin acos^ + ^sasin/?, [18, a] 

cos (a+|3 ) = cos a cos/3 — sin a sin ^. [19, a] 

Since the above solution is applicable to all values of a 
and ^ (v. § 47), we may replace /3 by — /3, 

But, by [11],— 

sin (— /3) = — sin j3, cos (— ^ =coa^. 

Hence we have — 

sin (a — ^)=sinacos^ — cosasin^, [18, 6] 
cos (a — ^) =co8acosj3-]-sine^sin^. [19, 6] 
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The four formulas proved above can be embodied in two 
formulas, as follows : — 

sin (a ± ^) = sin a cos ^ ± cos a sin j3, [18] 

cos (a ± j3) =c cos a cos ^ ^ sin a sin ^. [19] 

« 
where we are to use either the upper signs throughout or 

the lower signs throughout. 

These two formulas,which are constantly used in mathe- 
matics, should be committed to memory. 

§ 47. After the student has thoroughly mastered the 
above solution as applied to any one case of the problem, 
such as that of Fig. 34, he should carefully re-examine it, 
with the view of satisfying himself that it is equally valid 
for any possible case. To assist him in making this ex- 
amination, we append Figs. 35-38 ; and the student is 
advised to draw figures which shall represent still other 
cases. But it is important to observe that the generality 
of the solution does not depend on a complete analysis of 
cases, but on its being stated in a form which can be seen 
at every point to admit of universal application. 



FIG. 36. 
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§ 48. Oiven tJie sine and cosine of the sum or difference 
of any two angles, to find the tangent and cotangent. 
By [2], [18], and [19], we have,— 

. ^v sin (a ± ^) sin a cos j3 ± cos a sin /3 

cos (a ± j3) cos acos ^ ^ sin a sin /5 

Divide both numerator and denominator by cos a cos ^, 

and we get, — 

sin a cos j3 cos a sin /3 

X / . nx cosacosiJ cosacosfi tanaitanjS 

tan (a± §)= ^ -=1- —-^ 

cos a cos B sin a sin /3 IT tan a tan | 



[20] 



COS a COS ^ cos a cos ^ 

By [1] and [20] we have, — 

1 _ . . A. g\— 1 T tan tt tan |3 
tan (a ± ^)~ ^" * ^^ "" tan a ± tan /S 

Divide both numerator and denominator by tan a tan /S, 
and we get, — 

i^/ .zA ctnactn/3:fl p^^- 

ctn (a ± ^ =— — -— -i^T [21] 

^ ^^ ctn ^ ± ctn a *• ■* 
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§ 49. The following formulas are sometimes found use- 
ful. Let the student prove them by the aid of formulas 
[2, 18 a, 18 &, 19 a, 19 &, and 4.] 

sin (a -f-^) tan a -f- tan |3 ctn |3 -|- ctn a 

sin (a — ^) tana — tan^ ctn^ — etna ^ -^ 

cos (a -|- §) 1 — tan a tan ^ etn^ — tana 

cos (a — ^) l + tanatan^ ctn^ + tana '■ -^ 

sin (a + |3) sin (a — 8) =sin«a — sin«/3 ) 

= cos*/3 — cos^a) '■ ■' 

cos(a+j?) cos (a — ^)=cos«a — sin*^> - 

=:<k)s«/3 — sin«a) '■^■' 

§ 50. Given the functions of any angle, to find the 
functions of twice that angle. 

Substituting in [18 a J and [19 a] a for j?, we have, — 



} [26] 



sin (a 4* a) = sin 2 a = sin a cos a -f- cos a sin a 

= 2 sin a cos a 

cos {a'{-a)^=:z cos 2 a = cos a cos a — sin a sin a 

= cos«a — sin^a (I.) . ^ . 

= 2cos«a — 1 (II.) f ^ *^ 
= 1 — 2 8in«a (HI.) 

Substituting in [20] and [21] a for ± j?, we have, — 

, I X ^ ft tan a + tan a 2 tan a »^^_ 

tan(a+a)=tan2a=- --J— =- — r- [28] 

^ ' ^ 1 — tanatana 1 — tan*a *■ ■* 

.... . - ctnactna— 1 ctn*a— 1 _ 

ctn (a+ a)=ctn2 a=— : i — r — = —77-7 [29] 

^ ' ^ ctna-f-ctna 2 ctn a ^ -^ 
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§ 5L Oiven the functions of any angle to find thefunC" 
tions of half thai angle. 

All the preceding formulas are perfectly general, and 
will apply as well to one angle as to another. We can 
therefore substitute ji a throughout in place of a. Making 
this substitution, ^ 

in [27 in.] we have, — 

cosa = l — 2sin*2 •*• sin - = Vj (1 — cos a) [80] 
in [27 II.] we have, — 
cosa = 2cos*^ — 1 .•. cos -= Vj (1 + cos a) [31] 

By [2], [30], and [31],— 

. a 

sin^r 



^°2 « >^l + cosa •■ -^ 



C08^ 



and by [8], — 



*'*^2-,_« >|l_009« L88] 



tan^ 



§ 52. By [29],- 



. „ ctn*« — 1 ,ctn*a — 1 ,,^ ^ \rnn 

ctn2g= - . =i =*(ctna — tana) [341 

2 etna * etna *^ /l j 

By [1] and [26],— 

o 1 1 1 

csc2a=-; — ■;r-=7r-. =* sec a esc a 

sin 2 a 2 sm a cos a ' 

= by [4] sin'f + coa*" ^^ (^n «+ ctn a) [35] 
"''■•' 2 sm a 008 a * ' / i- j 
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By snbtracting [34] from [35] we get, — 

tan a = esc 2 a — ctn 2 a. 

Now, sabstitating ^ a for a, we get, — 

tan^a = csca — etna. [36] 

By adding [34] to [35], and substitating as above, we 
get,— 

ctn i a = CSC a + ctn a = 7 — • [37] 

* ' CSC a — etna ^ * 

Substituting 45° -)- ^ a, and 45° — ^ a, for a in 
[36], and we get, — 

tan (45° + J a) = esc (90° + a) + ctn (90° + a) 

= ^y [13] sec a + tan a. [38] 

and 

tan (45° — i «) = esc (90° — a) + ctn (90° — a) 

=ctn(45° + ia) = seca — tana= -r— [39] 

sec cc "T* tan cc 

§ 53. Some formulas will now be obtained, the useful- 
ness of wliich will be seen hereafter. 

By [18 a] and [18 6],— 

sin (a + p) + sin (a — j?) = 2 sin a cos |3 [40] 

and sin (a + ^) — sin (a — jj) =2cosasin ^ [41] 
By [19 a] and [19 6],— 

cos (a + 13) + COS (a — ^)=2cosacos|3 [42] 

and cos(a — 15) — cos (a + ^) =2sinasin |5 [43] 
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Put a-\-^z=zx .'.2a = x-\'y .'.a = ^ (x-^y) 

a — ^ = y 2 ^ = x — y .'. § = ^ {x — y) 

Substituting these values of a and ^ in [42] and [43], 
we get, — 

sinaj-f-siny=:2 sinj (aj + y) cos J (a? — y) 

sinaj — siny = 2cos| (aj-|-y) sin J (a? — y) 

cosaj + cosy = 2cos^ (aj-f-y) cos J {x — y) 

cosy — cosaj=2 sin J (^ + y) sii^i (^ — y) 

Since these last fonnulas are perfectly general, we can 
write any other letters, and therefore a and j3, in place of 
X and y, as follows : — 

sin a + sin j? = 2 sin ^ (« + ^) cos^ (a — p) [44] 

sina — sin^ = 2cosi (« + l?) sin^ (a — j3) [45] 

cosa + cos^=2cosi (a + /5) cos J (a — ^) [46] 

cos^ — cosa = 2sini(a + /3)8ini(a— /3) [47] 

By [44] and [45] we have, -^ 

sin « 4" sin (3 2sin^ («H"^) cos^(tf-|-|^) 

sina — sin^ 2 cos J (a-j-^) sin^(a — ^) 

= tani(« + p)ctnH«-^)= S:|[:ig 
In like manner we get, -^ 

C03«-C0S^ ^_^^ ^ ^^ |.^g^ 

COsa + COS/3 2 V I r/ a\ r/ l j 

sin a ± sin 5 ^ i /- . /»v rr/\-i 
^ ^= tan i (a ± ^) [50] 

cos a + cos /3 :i \ r/ 

sin a ^F sin 5 4^1/ , o\ tki t 
^= ctn i (a ± ^) [51] 

COS^ — C08a X \ r7 I- J 
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EXAMPLES. 

1. Find the sines and cosines of the following angles 
by the aid of formulas 18, 19, and 12 : 0% 90% 180% 
270°, 360°, (90°±A) (180°±A) (270°±A), (360°±A), 
and — A. (To get sin 0«», put 3=a in [18, 6]. ) 

2. From the functions of 30° find those of 15°. 

3. Prove cos (60° + A) + cos (60° — A) = cos A. 

4. Prove sin (30° + A) + sin (30° — A) = cos A. 

2tan^A 



6. I^rovesinA = ^_^^^^,^^- 

6. Find sin 3 A in terms of sin A. 

7. Find cos 3 A in terms of cos A. 

8. From the functions of 90° find those of 45°. 

9. Given sin A = * ; find sin i A ; also cos i A. 

10. Given 2 sin A = sin 2 A ; find A. . 

11. Given tan 2 A = 3 tan A ; find A. 

12. Prove tan 50° + ctn 50° = 2 sec 10°. 

13. Given sin 280° = m ; find sin 160°. 

14. Given sin + cos <? = -^ ; find 0. 

15. Given tan (45° — 0)+ ctn (45° — <?) = 4 ; find 0. 

^ « cos A + sin A , o a i ««« o a 

16. Prove t-^ — -. — T- = tan2 A + sec2 A. 

cos A — sin A 

17. Prove 

2sin^Asin^B + 2cos«Acos«B = l+co8 2Acos2B. 

18. Prove 

tan (45° + A) — tan (45° _ A) = 2 tan 2 A. 

19. Prove^4^ = ^"^f,^+^^ -2cos(A + B). 

smA smA 

1— tanM45° — A) . ^ . 

90 Prove ^^ — :; TT = BUI 2 A. 
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„, ^ 4tanA(l — tan*A) . .. 

22. Prove 

sin A (1 + tan A) + cos A (1 + ctn A) = esc A+sec A. 

23. Prove 

cos A + cos (120° — A) + cos (120**+ A) = 0. 

24. Prove 

4 sin A sin (60° — A) sin (60° + A) = sin 3 A. 

25. Given sin 3 <? + sin 2 (? + sin <? = ; find 0. 

26. Given sin (aj -fr a) = cos (x — a) ; find x. 

27. Prove 2 sec 2 A = sec (45° + A) sec (45° —A). 

28. Given tan (? = - : find the value of a cos 2 (? + 6 

a 

sin 2 0. 

In the next five formulas k denotes any integer. These 
formulas can be readily proved by making the proper sub- 
stitutions in formulas 35, 36, 37, 38, and 21. 

29. Prove 

sin A; a = 2 sin {7e — 1) a cos a — sin (k — 2) a. 

30. Prove 

sin A; a = 2 cos (k — 1) a sin a -j- sin (k — 2) a. 

31. Prove 

cos ka = 2 cos (k — 1) a cos a — cos {k — 2) a. 

32. Prove 

cos A; a = 2 sin (A; — 1) a sin a + cos (k — 2) a. 

oo -D- AT tan (A; — 1) a 4- tan a 

33. Prove tan A; a = f — ^, ^ ,V 

1 — tan (A; — 1) a tan a. 

34. Prove by the aid of the formula of Ex. 31 cos 3 A 
= 4 cos ■ A — 3 cos A. 
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35. Prove V 1 + sin A= 1 + 2 sin J A Vl — sini A, 
and show that A must be between 180"^ and 270^. 

36. Prove tan~*aj — tan~*y = tan~*r— ; — ^. 

l-f-xy 

37. Prove tan -^ i + tan "^ ^ = 45°. 

38. Prove sin "^ -^ + cot -^ 3 = 45''. 

39. Given = cos~^ V|, and op = cos"^ —, ; 

3' r 2V2 

prove 9 + (? = 60''. 

40. Given vers "^ vers "^ — =: vers "^ (1 — 6) ; 



prove 






A A 

41. Obtain sin - in terms of sin A when -- lies between 

2 2 

—45'' and— 135°. 

42. Find cos 105°. 

43. Find tan 165°. 

44. Determine the limits between which A must lie in 
order that 

2sinA = + Vl+sin2A— Vl— sin2A. 

45. If tan - = ( -^tf \* tan 5, show that cos (? = 

2 \l_c/ ^ 

cosg? — c 
1 — CCOS9* 



CHAPTER IV. 
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FIG. 39. 



§ 54. Functions of smoM angles. 

LetAOB be any positive acute angle, and let a be its 

circular measure. Let aob'= — a, 
and therefore B^OB=2a; and let 
o be the centre of a circle of which 
the radius is r = oa = ob = ob'. 
Let the chord bb' cut oa at c ; and 
let the tangents at b and b' meet 
at T, which must lie in oa pro- 
duced. Then, — 




arc AB arc bb 



OA 



2r 



CB chord BB 

8ina=: — = — • 

OA 2r • 



TB b't b't + TB 

tan a = — = — == ' . 

2 r 



OB OB' 

Now, we know by geometry, that 

chord bb'< arc bb' < b't -|- tb. 

Hence, dividing through by 2r, and substituting the 
above values, we have, — 

sin a < a < tan a ; [52] 
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or, tJie circfdar measure of an acvte angle is greater than 
the sine of the angle^ and less than the tangent of the 
angle. 
The last written inequality may assume the form, — 

1 1 ■■ 



sin a a tana 

Now, multiplying through by sin a, we have — 

^ ^^ sin a ^ r-f.rt-1 

1 > > cos a ; [53] 

Ob 

and, multiplying through by tan a, -^ 

^^tana^^ _ 

sec a > > 1. [54] 

But, if a = 0, cos a = sec a = 1 ; and the differences 
1 — cos a {v. [53]) and sec a — 1 (v. [54]) can be made 
less than any assigned quantity by taking a sufficiently 
small. Hence, — 

sin a tana i , / rKKn 

= 1 — e, =i=l + r, [55] 

a a ' ^ ■* 

where e and t^ are positive quantities which decrease in- 
definitely when a decreases. We have then — 

sina=(l — «) a, tana=(l 4-0*5 [56] 
or, if a is very small, — 

sin a = tan a = a^ approximately. [57] 

For example, — 

sin 1' = tan r = ^^ = 0.0002908882 .... 



56 PLANS TBIGONOHETBY. 

§ 55. We have, by [30],— 

1 — cos a = 2 sin* ^a. 
Now, by L^5], — 

sinia=(l— O Xia = i(l — «")«; 
.-. 1— cos a = i (!—«")* a S 

or^r^=Hl-5"r<i, [58] 

or cosa = l — i(l— «")*«*>!— ia*. [59] 

If a is very small, since ^^ decreases indefinitely with 
a,— 

cos a = 1 — i a *, approximately. [60] 

For example, — 

,, ^ 0.0000000846 ^ nnnnn«nro 

cos 1' = 1 = 0.999999958 

§ 56. The formulas proved in the last two sections 
enable us to compute approximate values of the sine, 
cosine, and tangent of a very small angle ; and the num- 
ber of decimal places to which these values are correct 
depends on the smallness of the angle. Let us next seek 
the limits of error of these formulas, so that we may know 
in what cases we have a right to use them. Such limits 
may be found as follows : — 

Since sin a = 2 sin ^ a cos ^ a, by [26], and since 
sin ^ a > ^ a cos J a, by [53], — 

.'. sina>acos*j^. 
But since, by [52] , sin ^ a < ^ a, 

.•. cos'Ja = l — sin*Ja>l — Ja*; 
.\sina>a(l—^a*) = a—iaK [61] 
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Again, by [30], cosa = l — 2sin^^a; and, by the fonn- 
ula just proved, — 

sin Ja>ia — i^a'; 

.-. cosa<l— 2(i«— ^Va")'<l— 4«'+A«*- [62] 
For example, 

. if a = circ. meas. 1' = j^^ = 0.000290888 . . . . , 

J a » = 0.000000000006 . . . ., 
^ a* = 0.0000000000000004. . . . ; 

so that the above methods are capable of giving values of 
sin 1' accurate to eleven places of decimals, and of cos 1' 
accurate to fifteen places of decimals. 

By methods of the higher mathematics, we can establish 
still smaller limits of error ; proving that 

sina>a— Ja», | 

cosa < 1 — i ««+ ^ a*. ; LWJ 

Now we easily compute 

J «»< 0.00001, if a< 0.03915 = circ. meas. 2° U'.6, 
^ a* < 0.00001, if a < 0.12447 = circ. meas. 7° 7'.9. 

Hence, up to these limits respectively, we may use the 
formulas sina=:a, cosa=:l — Ja*, with an error less 
than a unit in the fifth place of decimals. 

§ 57. To show how a table of trigonometric functions 
can he computed. 

It is necessary to find the functions of angles in the 
first quadrant only, as the functions of angles in the other 
quadrants are easily deduced from these. Since the sine 
of an angle is the cosine of its complement, a complete 
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table of sines will also be a complete table of cosines ; 
and from the sine and cosine of An angle the other func- 
tions are readily computed. We need only show, then, 
how to construct a complete table of sines for the first 
quadrant. 

We ma}^ use the formula sin «=« for small values of a, 
up to a certain limit depending on the number of decimal 
places used in the table, and determined as in the last 
section. We may then proceed by the following method. 
By [40],- 

sin (a + j?) +31^ (« — §) = 2 sin a cos j?. 

Let a be any angle, and let |3 be so small that we can 
use the formula [60], — 

cosj? = l— J/3^ 

with an error far below the greatest error allowed in the 
table; for example, let /3 = circ. meas. 1'. Then the 
above formula gives, — 

sin (a -|-/^) =2 sin a — sin (a — ^) — ^^sina, 
or 

sin (a-f-^)— sina = sina — sin (a — ]5) — j^^sina. [64] 

If, then, we know sin a and sin (a — ]5), we can com- 
pute sin (cL-\-p) ; then from sin (a -f" ^) ^^^ sin a, we 
can get sin {a-\-2§) ; and so on, using the successive 
formulas, — 

sin (a-|-|3) — sina=sin(x — sin (a — j?) — |3*sina, 

sin (a-f-2j?) — sin (a + ^) =8in (a-^^) — sina 

-/3» sin («+!?), 

sin (a + 3 j?) — sin (a + 2 13) = sin (a+ 2 /3) — sin (a+/J) 

— /3«sin(a + 2/3), &c. 
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If |3=circ. meas. 1'= 0.00029..., ^*= 0.0000000846..., 
and, as this small number is a constant multiplier in the 
last term, computation by the above formulas is quite an 
easy process. 

By the successive application of these formulas, we may 
find the sines of all angles of the quadrant at any small 
interval ^ ; for example, l\ 

§ Sa Given sin 20° = 0.34202, sin 20° 30'=0.35021 ; 
let the student compute the following values by the above 
formulas, assuming ^=circ. meas. SO':-^ 

sin 21° =0.3584, 
sin 21° 30' = 0.3665, 
sin 22° =0.3746, 
sin 22° 30' = 0.3827, 
sin 23° =0.3907. 

§ 59. When the values of the sine have been computed 
up to 60°, its values for the rest of the quadrant can be 
easily found by the formula, — 

sin (60°+ a) — sin (60°— a) = 2 cos 60° sin a= sin a, 
or 

sin (60°+ a) = sin (60°— a) + sin a. 

Again, we have found in §§ 38, 39, the values of the 
trigonometric functions for 30°, 45°, and 60° ; and from 
these we can compute those of 22° 30', 15°, 11° 15', 
7° 30', 5° 37'.5, 3° 45', &c. The results thus obtained 
may be used as tests of the computation made by the 
method of § 57. 



60 PLANE TRIGONOMETRY. 

§ 60. The trigonometric functions are called rutturaZ 
trigonometric functions, to distinguish them from their 
logarithms, which are called logarithmic trigonometric 
functions. 

Tables of the natural and logarijbhmic trigonometric 
functions have been constructed ; and a thorough under- 
standing of the use of these tables is necessary for per- 
forming trigonometric computations. 

Since there is some variation in the arrangement of dif- 
ferent tables, the student can better learn their use b}^ 
referring to the explanations which accompany the tables, 
than by any explanations which could be given here. 

Peirce's four-place tables will be used in the solution of 
problems in the following chapters. 

§ 6L Interpolation. A tiigonometric table cannot 
contain the functions of all angles of the quadrant, but 
only of angles separated by a certain interval ; for exam- 
ple, an interval of 1' or of 10'. The functions of inter- 
mediate angles can be found by the same principle of 
proportional parts which is applied to the table of loga- 
rithms of numbers. We can prove the validity of this 
principle for the trigonometric functions as follows : — 

sin (a-^^)=sinacos/?-j-cosasin/} 

cos (a-f~^)=cosacos^ — sinasinj? 

Now, if ^is very small, we can by [60] and [57], take 
cos ^ = 1, sin /3 = jj, and thus we have 

sin (a -j- j?) = sin a -|- ^ cos a, approximately, 

cos (a + i^) = cos a — ^ sin a, approximately. 
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Hence, if ^ and (( are two very small angles, — 

sin (a-X-S) — sin a B cos a B . . , 

ain(«+?0-sm« =^«=r' *PP~^''**^y- 

COS a — cos (a 4- fl) ^ sin a B . . , 

co8«-cos(«+^0 = r^a = r ''PP«»^"^*«^^'' 

So that, for verj' small variations of an angle, the varia- 
tions of the sine and cosine are approximately propor- 
tional to the variations of the angle. Now, it is a known 
principle of logarithms, that, for very small variations of 
a number, the variations of the logarithm are approx- 
imately proportional to those of the number (Peirce's 
Elements of Logarithms, § 15 ) . Hence, for very small 
variations of an angle, the variations of the log sin and 
log cos are approximately proportional to those of the 
angle. 

The same principle can be extended, by similar proofs, 
to the other natural and logarithmic trigonometric func- 
tions. The limits within which it may be properly em- 
ployed can also be investigated by means of the formulas 
of §§ 55 and 56. 

§ 62. It must be remembered that tables of logarithms 
and of trigonometric ftmctions only give the values of the 
functions to a certain number of decimal places. For 
example : log sin 16° is given by our four-place tables as 
9.4403 ; but this only informs us that the true value lies 
somewhere between 9.44025 and 9.44035. Thus every 
logarithm (and every natural function as well) taken from 
a four-place table is liable to an error not exceeding 
±0.00005 ; and, if the ftmction is found by interpolation, 
its total error, may have any value short of 0.0001. If, 
then, a logarithm is obtained by adding or subtracting 
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several logarithms, the error of the resulting logarithm 
may be several times 0.00005. 

"When a change of 0.0001 in any logarithmic trig- 
onometric function produces a change of more than 1' in 
the corresponding angle, the four-place logarithm does 
not determine the angle to minutes^ since the uncertainty 
of ± 0.00005 in the logarithm will leave an uncertainty of 
± 0'.5 in the angle. This will never be the case with the 
log tan or log ctn. 

" It is to be observed, that, with four-place logarithms, 
the angle can be determined to minutes from its log tan 
or log ctn in all parts of tJie quadrant; from its log sin or 
log CSC in the first half of the quadrant ; and from its log 
cos or log sec in the last half This observation will often 
direct the computer in the choice of his method, where 
several lie open to him." — Peirce's Elements of Log- 
arithms. 



CHAPTER V. 

SOLUTION OF RIGHT TRIANGLES. 

§ 63. To solve a triangle is to obtain from its given 
parts the values of its unknown parts. In every triangle 
there are six parts ; namely, three angles and three sides. 

We have learned from geometry, that, in general, it is 
possible to construct a triangle when any three of its parts 
are given, provided one of them is a side. We shall now 
show, that, in general, it is also possible to solve a triangle 
when we have the above data. 

In order to solve a triangle, we must obtain formulas by 
which each unknown pait can be obtained from the known 
parts. 

As we proceed, we shall find that there are often several 
formulas by which an}' particular part may be found. A 
formula should be selected which is adapted to logarithmic 
computation^ and which will give accurate results ; and it 
is also well, when possible, to use formulas hy which each 
unknown part can be obtained directly from those given 
at the outset. 

§ 64. " After a table of logarithms has once been con- 
structed, the labor of certain arithmetic operations can be 
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material]}' diminished, while at the same time the chance 
of committing errors is lessened. The sole arithmetical 
operations which can be performed by logarithms are those 
of multiplication, division, involution, and evolution. 
Before, therefore, the value of an expression can be calcu- 
lated by means of logarithms, the expression must be put 
into such a form that no other arithmetic operations than 
these have to be performed. Such an arrangement of an 
expression is called the adaptation of it to logarithmic 
computation.*' — Snowball. 

Thus, when in a right triangle (Fig. 40) a and c are 
P,Q 40 given, and b is required, loga- 

rithms cannot be directly applied 
to determine the value of b from 
the equation 6*^ = c^ — a^ or 

b = s/c^' — a^ (§ 21, e) ; but if 
the equation is put into the fol- 
lowing form, b = \/(c + a) (c — a), logarithms can be 
directly applied to determine the value of 6. 

When a and b are given, and c is required, the formula 
c^=ia^-\-b^ not being adapted to logarithmic computa- 
tion, will not, in general, be used to determine c, but the 
problem will be solved in a manner to be explained here- 
after. 

Since, as has been stated above, it is generally advan- 
tageous to make use of logarithms in problems involving 
arithmetic operations, care will be taken in this, and in 
the following chapter, to deduce an^ make use of formulas 
adapted to logarithmic computation. 

§ 65t When we know that one of the angles of a tri- 
angle is 90°, i.e., that the triangle is a right triangle, we 
can solve it by simpler methods than when all of the 
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angles are oblique ; we shall therefore consider right tri- 
angles separately, although they can be solved perfectly 
well by the general formulas which will be obtained here- 
after. 

When, in addition to the right angle, a side and one 
other part of a right triangle are given, it can be solved 
by formulas with which the student is already familiar, 
but which, for the sake of convenience, wilb be collected 

below. 

A + B = 90^ (I.) 



sm A= - 

c 



cscA=- 
a 



(II.) 



COsA;=- 
c 



secA^=T 



c 
b 



(in.) 



tanA;=T 





ctnA^= 



a 



> (IV.) 



c^=a^-]-b 



[65] 



fc^— a2=6^=(c-fa)(c— a) 
\c^— 6^=a«=(c-|-6)(c— 6) 

b=:V{c-^a) {c — a) 
a=V{c-^b) (c — 6) 

§ 66. It will be worth while to begin by considering 
what cases can arise in the solution of right triangles. 
One side must be given, and may be either a leg or the 
hj'pothenuse. If a leg is given, there may be joined with 
it either the other leg, the hypothenuse, or an acute 
angle. If the hypothenuse is given, there may be joined 
with it either a leg (a case already considered) or an 
acute angle. 

The following, then, are all the cases which can 
arise : — 

Casb I. Given the two legs. 

Case II. Given a leg and the hypothenuse. 

Case III. Given a leg and an acute angle. 

Case IV. Given the hypothenuse and an acute angle. 
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In each of these cases^ any one of the required parts may 
be obtained from tJie given parts by using tJiat one of the 
formulas in § 65 which involves the parts mi question. 

The general rule given above should be rigorously fol- 
lowed, except in those cases where it will give formulas 
which are not adapted to logarithmic computation, or 
which will not give accui-ate results. 

§ 67. Case I. When we wish to find the hypothenuse 
from the two legs, the formula which we should choose in 
accordance with the rule, — i.e., c^=:a^'\-b^y — is not 
adapted to logarithmic computation. Here, then, we 
we shall have to deviate from the rule ; and, in finding 
the hypothenuse, we will proceed as follows : we will first 

find the angles by the formula, tan A = ctnB = -; and 

having found the angles we will get c from the formula, 

esc A = -, or CSC B = r. 
a b 

If either angle is very small (say less than 10°) , it is 
best to employ the esc of the larger angle ; since a small 
angle must be given with great precision in order to deter- 
mine accurately its sine and cosecant. 

Example I. Given a = 643.6, b = 59.87. 

log tan A = log a -|- colog b = log ctn B, 

log c = log a -j- log CSC A, 
log a= 2.8086 log a = 2.8086 

colog 6 = 8.2228 log esc A = 0.0019 

log tan A = 1.0314 = log ctn B, log c=2.8105, 
A = 84°41', B = 5° 19' c= 646.4 

Example 11. Given a = 0.0227, b = 0.0840. 
Answers. A = 15° 7' ; B = 74° 53' ; c = 0.0870. 
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§ 68. Case II. Given a leg and the hypotlienuse (c) , 
we willjdenote the given leg by 6. 

Proceeding in accordance with the rule, we shall get the 
formulas 

sin B= cos A = - , and az=.^ {C'\-b){c — 6) , 

c 

by which the following examples can be solved : — 

Example L Given c = 7.458, h = 0.6473. 
Answers, a = 7.430, A = 85** 1', B = 4^ 59'. 

Example 11. Given c = 672.3, 5 = 548.9. 
Answers, a = 388.2, A = 35° 17', B = 54° 43'. 

The above method is the best when h differs considera- 
bly from c; but, when h is nearly equal to c, sin B and cos 
A will be nearly equal to unity ; B will therefore be nearly 
equal to 90°, and A will be nearl}- equal to 0°. When 
this is the case neither A nor B can be obtained with great 

accuracy from the formula sin B = cos A = - (v. § 62 end) . 

c 

We will now deduce a new formula by which, when h is 
nearly equal to c, we can find A (and therefore its com- 
plement B) more accurately than by the above method. 

From [30] , — 

2 sin * i A = 1 — cos A =: 1 = , 

Example III. Given h = 7.4169, c = 7,4451. 
From [66],— 

logsmJA = J[log (c — 6)-|-colog2c]. 
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The formula for finding a is, in accordance with the 
rule, a = V(c4-&) (c — &). 

.-. loga = i[log(c + &)+log(c — 6)] 

2c = U.8902 c+6=14.8620 log (c+ 5)= 1.1 722 
log2c = 1.1730 c— 6= 0.0282 log (c—6)= 2.4502 



log(c— 6)=2.4502 2 | 1.6224 

colog 2 c =8.8270 log a = 1.81 1 2 

2117.2772 a =0.6474 



logsiniA=8.6386 

iA=2° 29', A = 4° 59', 90** — A = B = 85° 1'. 

Example IV. Given c = 84.325, 6 = 84.282. 
Anders, a = 2.692, A = 1^ 50', B = 88° 10'. 

§ 69. Case III. Given a leg and an ac\ite angle. 
In this case and the following case, the unknown angle 
is the complement of the given angle ; while the unknown 
sides may be found by emploj^ng those functions of the 
given angle of which the numerators are the unknown 
sides, and the denominator the given side. 

Example L Given & = 0.084, A = 15° 9'. " 
Ansioers. c = 0.0870, a = 0.0227, B = 74° 51'. 

Example 11. Given a = 64.82, A = 10° 3'. 
Answers. c = 371.4, 6 = 365.8, B = 79°57'. 

§ 70. Case IV. Given the hypothenuse and an acute 
angle. 

Example L Given c = 426.7, A = 34° 15'. 

Answers, a =240.1, 6 = 352.7, B = 55° 45'. 

Example II. Given c = 371. 4, A = 10° 3'. 
Answers. B = 79° 57', 6 = 365.8, a = 64.82. 
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EXAMPLES. 






1. 


Given c — 0.8423 


A — 42^28' 


C — 90° 


solve 


2. 




c = 0.4497 


B — 5V 25M 


C — 90° 




3. 




a — 984.2 


A — 22° 59' 


C — 90° 




4. 




6 = 6.732 


A — 79° 13' ^ 


C — 90° 




5. 




a — 31. 


B — 86° 18' 


C — 90° 




6. 




6 — 984.2 


B — 22° 59' 


C — 90° 




7. 




c— 73 


6 — 55 


C = 90° 




8. 




c — 9 


6 — 8 


— 90° 




9. 


_ 


c— 1006. 


a — 1000 


C — 90° 




10. 




c — 86 


a — 17 


C — 90° 




11. 




a — 0.001 


6—1.069 


C — 90° 




12. 




a — 272 


6 — 224 


C — 90** 





13. Given one leg equal to .7, and the angle opposite 
this leg equal to f the angle opposite the other leg : solve. 

14. If one leg of a right triangle is | the hypothenuse, 
what are the angles of the triangle ? and what is the ratio 
of the other leg to the hypothenuse? 

15. Given the perimeter and the perpendicular from the 
right angle on to the hypothenuse : find the th^ee sides. 

16. Having measured a distance of 200 feet in a direct 
horizontal line from the bottom of a steeple, the angle of 
elevation of its top was found to be 46° 3.0' : find the 
height of the steeple. 

17. A river whose breadth ao is 200 feet runs at the 
foot of a tower cb which subtends an angle bag of 
25° 10' at the edge of the bank : find the height of the 
tower. 

18. A person on the top of a tower 50 feet high 
observes the angle of depression of two objects on the 
horizontal plane, which are in the same straight line with 
the tower, to be 30° and 45° : find their distances from 
each other and from the observer. 
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19. A tower 150 feet high throws a shadow 75 feet long 
upon the horizontal plane on which it stands: find the 
sun's altitude. 

20. A tower stands bj' a river. A person on the oppo- 
site bank finds its elevation to be 60° ; he recedes 40 
yards in a direct line from the tower, and then finds the 
elevation to be 50° : find the breadth of the river. 

21. A rope is fastened to the top of a building 60 feet 
high. The length of the rope is 109 feet : find the angle 
at which it is inclined to the horizon. 

22. Standing straight in front of a house, opposite one 
comer, I find that its length subtends an angle whose tan- 
gent is 2, while its height subtends an angle whose tangent 
is i ; the height of the house is 45 feet : find its length. 

23. Given the area of a right triangle = m, and the 
hypothenuse = n ; find formulas for the tw^o legs and the 
two angles. E. g., m = 30, n = 13. 

In what case is this problem impossible ? 

24. Given an angle and the area : find formulas for the 
three sides. E. g. A = 38° 27', area 158.4. 

25. Proves that in a right triangle, area = s ( s — c ) , 
where C is the right angle, and s = J (a-|-6 + c). 

26. Wishing to know the height of an inaccessible hill, 
I took the angle of elevation of its top to be 60° ; I /then 
measured 100 feet away from the hill, and found the angle 
of elevation to be 45° : what is the height of the hill? 

27. Find the angle which a flagstaff 5 yards long, and 
standing on the top of a tower 200 yards high, subtends 
at a point in the horizontal plane 100 yards from the base 
of the tower. 

28. A flagstaff 20 feet high stands on a wall 40 feet 
high ; at a point E, on a level with the bottom of the wall, 
the flagstaff subtends an angle of 10° : find tho. distance of 
E from the wall. 
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29. On the bank of a river there is a column 200 feet 
high, supporting a statue 30 feet high ; the statue to an 
observer on the opposite bank subtends the same angle as 
a man 6 feet high standing at the base of the column : find 
the breadth of the river. 

30. The height of a house subtends a right angle at an 
opposite window, the top being 60** above a horizontal 
line : find the height, when the breadth of the street is 30 
feet. 



CHAPTER VI. 

FORMULAS BELATING TO OBLIQUE TRIANGLES. — SOLUTION 

OF OBLIQUE TRIANGLES. 

§ 71. The sides of any triangle are proportional to the 
sines of the opposite angles. 



FIG. 41. 



FIG. 42. 




From B and c (Figs. 41 and 42) let fall the perpendic- 
ulars p' and p on 6 and c respectively. Then 

8inA=f,sinB=^...?l^=?X- = - (a) 

6' a a\nB b^p b' ^^ 

and sinA=f',sinC=f ..?!?^=^X^,= ^. ^ 

c a smC c p c ^^^ 



From (a) we get, - — -=-,-—, 
^ "^ ^ 'sin A sinB' 



OBLIQUE TEIANGLES. 



73 



a 



From {§) we get, -r— r = -^—7^, 
^^ ° sin A sinC 

h 



a 



sin A sinB slnC* 



[67] 



In applying the above to Fig. 42, we must remember 
that sin B is equal to the sine of its supplement cbp. 

§ 72. 2%e sum of any two aides of a triangle is to their 
difference as the tangent of half the sum of the opposite 
angles is to the tangent of half their difference. 

From [67] we get, by the theory of proportions, — 

sinA + rinB^a+_ft tani(A + B) 

sinA — sinB a — h ^ ^ -^tan^(A — B)^ ■" 

In like manner 

a + c_ tani(A + C) _. ^ + g_ tan^ (B + C) 
a_c~"tani(A — C)' 6 — c~tani(B — C)' 

§ 73. T7ie square of any side of a triangle is equal to 
the sum of the squares of the other two sides^ minus twice 
the product of those sides into the cosine of their included 
angle. 



RG. 43. 



FIG 44. 




B 



Through c in the triangle abo 
(Figs. 43, 44, and 45) draw pc 
perpendicular to c. In each fig- 
ure, then, 

a^=PB^-j-pcS 
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[69] 



but PB = PA-(-C = — AP+C (v, § 3, d.) 
.•.PB^ = AP^ 2 AP C + C^ 

.-. a«=£:pc2+Ap2 + c2— 2apc, 

but cosA = -:r9 

b 

.'. AP = 6cos A, and pc^-j-ap^=6^ 

.*. a* = 6*-|~^^"" 2 6ccosA, ' 
and in like manner 

b^=c^'\-a^ — 2c.acosB, 

c2=a2+62_2a6eosC. ^ 

Corollary. Formula for the diagonal of a parallelo- 
gram. 

Let w denote an angle of a parallelogram, m and n its 
sides,. d the diagonal which divides w, and Wi the supple- 
ment of w, 

B}' constructing a proper figure it can be readily seen 
that d^ m, and n form a triangle in which the angle 
included by m and n is w^. 

d^ = m^-^n^ — 2 mn cos w^ ; 
but since w and w^ are supplements, we have, — 

cosWi = — cos W] 
.-. d2=:m^+n^-(-2mncos^e?. [70] 

§ 74. Formula for the side of a triangle in terms of the 
cosines of the adjacent angles and the other two sides. 
From Figs. 43-45, it is evident that, — 

a = b cos C -f- c cos B, 

6=ccos A+acosC, - [71] 

c = a cos B -}-& cos A. 
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From [71] all the relations between the six parts of a 
triangle can be deduced by algebraic transformations ; but 
the processes are somewhat longer than those given in the 
text. 



§ 75. Formulas for sine and cosine o/ ^ A, J B, and \ C. 
From [69] we find 



cos A 



7»2 I ^a n^ 

= 26c =^y 1^^^™-^ l-2sinHA, 



.•. 2sin2JA = l L^ = -T — ' , 

* 2 6c 26c 

_ qa.^(62_26c+c^) _ (a— 6+c)(a+6 — c) 
~ 26c ~ 26c ' 

put 2s=a-\-b-\-Cy .". a — 6-{-c = 2 (s — 6) 

and a + 6 — c = 2 (s — c) 



:^2i A_ 2(^-&)2(^-c) 

26c 



.-. 2sin2iA= 



.•.siniA=+g^^=^^\ 



and in like manner 
sin 



' \ ca 



' 



[72] 



Also, — 

cos A = ^— = 

26c 



by[27II.]2cosHA — 1, 



* A, B, and C are less than ISO**, and i A, i B, and 1 C are less 
than 90°: we must then give the + sign to the radicals. 
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* 46c 46c 



(b'\-C'\'a)(b']-c — a) 2s2 (s — a) s (s — a) 

46c « 46c 6c 



•'. cos^A 
and in like manner 



cos J B = 

cos ^ C = 



_ • \ s{s — a) 
—■ ♦■^ 6 c ' 

\ s{s-b) 
'^^ ca ' 

\ s {s — c) 
+ ^i ab \ 



[73] 



Since the sine of an angle and the sine of its supple- 
ment are the same {v. [8]), whenever all that is given 
concerning an angle is the value of its sine,- the angle 
maj have either of two supplementary values. The 
ambiguity thus arising in the use of [72] is, however, 
removed by the consideration, that, since A, B, and C, 
being angles of a triangle, are each less than 180°, ^ A, 
^ B, and ^ C are each less than 90°. 



§ 76. Formtdas for tan J A, tan J B, and tan J C, in 
terms ofs^ a, 6, and c. 



By [2], [72], and [73]- 



taniA=?^ 
* cos ^ A 



J 



(s-b)(8-c) 

be 



J 



s (s — a) 
~6F~ 



*o. note p. 75. 
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.'. tan^A 
and in like manner 



^ . Us-b)(B-c) - 

\ s (8 — a) 



* '■S «(s — 6) 



[74] 



§ 77. Formulas for the area of a triangle^ in terms of 
two sides and the included angle; in terms of one side and 
the adjacent angles; and in terms ofs and the three sides. 



FIG. 46. 




From geometry we know that 
the area of a triangle is half the 
product of its base by its alti- 
tude. 



but 



.'. area of abc (Fig. 46) = Jpc, 

sinA=:^ .•.» = 6sinA. 




.'. denoting the area by K we have, — 



By[67],— 



K = ^ 6 c sin A. 



a sin B , a sin C 

0= — : — :— , and c = 



[75] 



sin A 



sin A 



Substituting these values in [75], and noting that, 

since A = 180° — (B + C), sin A = sin (B + C), we 

get, — 

^ , a^sinBsinCsin A a^sinBsinC -_^- 
K = i .;^aA = .;^ /T. A nx ' [76] 



sin^A 



sin (B + C) • 



•t7. note p. 75. 
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By[26],- 

sin A = 2 sin ^ A cos ^ A. 

.'. substituting in [75] we get, — 

K=^&c2 6in^A cos ^ A. 

.-.by [72] and [73],— 

s — b){s — c) (s — a) 



K 



=..ji 



be • be 
—Vs {s — a){8 — b){s — c) 



[77] 



§ 78. Formula for the area of a triangle, in terms of s 
and r (the radius of the inscribed circle) . 



Let o ( Fig. 47 ) be 
the centre of the in- 
scribed circle; then each 
of the lines ol, om, and 
ON, perpendicular to a, 
6, and c respectively, 
will be equal to r. 



Now, the triangle 
ABC = BOO + coA + AOB = Jar+2^'* + i^^' 

.-. K = i(a + 5 + c)r=5r [78] 

§ 79. Formula for the radius of the inscribed circle, in 
terms of s, a, 5, and c; and in tei'ms of s, A, B, and C. 

By [7^8] and [77],- 

— a){s — b){s — c) 




^K^ l (»-a)0 

8 \ 



8 



[79] 
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From [79] and [74] we gety — 

r = s tan ^ A tan J B tan J C. 



[80] 



§ 80. Formulas for tan \ A, tan ^ B, and tan \ C, in 
terms of r, s, a, 5, and c. 

Dividing both sides of [79] by 5 — a, we get, — 



s 



r \ {s — h){s — c) 

— a \ s{s — a) 



... by[74],- 



tan i A = 



s — a 



and in like manner 



tan^B 



tan^C 



s — h 

r 
s — c } 



[81] 



§ 8L Formulas for the perpendiculars Pa^ Pi,^ and Pc^ 
from the angles upon the sides a, 6, and c respectively. 



be 
2)o= 6 sin C = c sin B = by [67] — sin A 

a 



.-.by [75] i>a = 



2K 



a 



and in like manner 



\ [82] 



Pb = 



2K 



Pc = 



2K 
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§ 82. FormtUas for radius of circumscribed circle (R) , 
in terms of a side and the opposite angle; and in terms of 
K, a, by and c. 

In Fig. 48 draw the radius od perpendicular to bc ; 
therefore by geometry, — 

FIG. 48. 




and 



By [75],- 



EB = ^ CB = ^ a, 

are db = ^ arc cb ; 
.•• the angle dob = A. 

• •. CSC DOB = CSC A = 1 — 

.*. R = ^acsc A. 



[83] 



. . 2K 

sm A = ^: — = 



b c CSC A 
.-.by [83] R = 



.•. cscA= 
abc 



bc 
2K 



4K 



[84] 



NoTB. —In each set of fonnulas numbered 67, 69, 71, 72, 73, 74, and 
82, the first is perfectly general : from it, therefore, 
the other two can be obtained by direct substi- 
tution. The work of substitution is made easier 
by the following rule : Given the first in each set, 
the others are obtained by advancing the letters; 
that is, by substituting for each letter of the equa- 
tion the next letter in the fixed order indicated by 
the figure in the margin. In this manner, the sec- 
ond of [74], for example, can be obtained from the first, and then 
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§ 83b Solution of oblique triangles. 

** We may remark here, that when au angle of a triangle 
is determined from its cosine, versed sine, tangent, cotan- 
gent, or secant, no uncertainty can exist about the angle, 
because only one angle exists less than 180° for which any 
of these functions has an assigned value. But when an 
angle of a triangle is determined from its sine or cosecant, 
uncertainty maj' exist, since there are two angles less than 
180° which have a given sine or a given cosecant." — 
Todhujiter. 

There is, however, no uncertainty in the case of right 
triangles, because each angle, except the right angle, is 
acute 

According to the methods of solution which we shall 
adopt, there is only one case of oblique triangles where 
there can be any uncertainty in the angle : this case will 
be fully discussed hereafter (v. Case II. § 85). 

§ 84. Case I. Given tvx> angles and a side^ — -4, -B, 
and a . find (7, 6, and c, 

A + B + C = 180°, .-. C = 180°— (A + B). 



the third from the second, and the first again from the third. In 
like manner, the second may be obtained from the third, the first 
from the second, and the third from the first, by moving the letters 
back. 

By the above rule, we can get from [76], — 

K « i e a sin B, 

and K = ia&sinG. 

Also from [83] we can get, — 

B =» i & CSC B, 
and BsJiccscG. 
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By [671, 

a b c , asinB . ^ . 

- — -. = -:— T=, = -T— Ts, .'. o=z—, — T-=asmBcscA, 
sin A sinB sinC sin A ' 

asinC . n a 

and c = — : — r-=asinCcscA2 

sin A 

.*. log b = log a -{- log sin B + log esc A, 

and log c = log a -f- log sin C + log esc A. 

Example I. 

Given A = 36 ° 56', B = 72 ° 6', a = 36.74 

log CSC A = 0.2212 log esc A = 0.2212 
log sin B = 9.9784 log sin C = 9.9759 
log a =1.5652 log a =1.5652 

log& =1.7648 logc =1.7623 
b =58.19 c =57.85 

A + B=109° 2' 180°— (A + B)=C = 70°58' 

Example II. 

Given a = 0.3578, B = 32° 41', C = 47° 54'. 

Answers. 

C = 47° 64', 6=0.1959, c = 0.2691. 

§ 85. Case II. Given two sides and an angle opposite 
one oftJiem^ — a, 6, and A: find c, B, and C. 

It has already been stated (§63), that, in general^ a tri- 
angle can be solved when any three of its parts are given, 
provided one of the given parts is a side. It will now be 
shown, that, in the present case, the given parts can be so 
related to one another, that two different triangles can be 
obtained from them, that a single triangle can be obtained 
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from them, and that no triangle can be obtained from 
them. 

Suppose A to be less than 90°. 

(1.) Make A (Fig. 49) equal to the given angle, and 6 
equal to one of the given p,Q ^ • 

sides. From o as a centre, c 

with a (the other given 
side) as a radius, describe 
an arc. If a is sufficiently 
large, and at the same 
time less than b, our arc * 
will cut AB in two points, b and b', both on the same side 
of A, and we shall have two triangles, abc, ab'c, each of 
which will satisfy the conditions. 

(2.) If a is 
equal to or 
greater than &, 
there will be 
only one trian- 
gle which will 
satisfy the con- 
ditions (y. Fig. 50). 

(3.) If a is just equal to the perpendicular let fall from 
c to AB (Fig. 51), then the arc will fig. ei. 

cut the line ab in only one point, b, 
and we shall have only one triangle, 
namely, the right triangle abc. 

(4.) If a is less than bc (Fig. 50), then the arc does 
not cut the line ab, and there is therefore no triangle 
which will satisfy the conditions. 

The length of the perpendicular bc (v. Fig. 51) is evi- 
dently b sin A. 
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The stadent will note that when there are two solutions 
(v. Fig. 49), we have, — 

cb'a = 180"* — bb'c = 180^— CBA ; 

i.e., the two values of B are supplements. 

When there is onlj- one solution (Figs. 50 and 51), B 
canuot be greater than 90°. 

Collecting the results of our discussion, we have, when 
A is acute, — 

Two solutions, when a < 5, and a > & sin A, 1 

One solution, when a =6, or a >&, or a =6 sin A, I [85] 
No solution, when a < & sin A. J 

p'G- 52. When A = 90°, or 

A > 90°, we can never 
have two solutions, as ^ 
can readily be seen from 
Fig. 52 ; and there will 
be no solution when 

a < 5, or a = 6. 

In the present case, we have given, as has already been 
stated, a, &, and A. 




By[67],— 



a 



sin A sin B sin C ' 



.*. sinB = 



&sin A 
a 



c= 



••. log sin B = log b + log sin A + colog a, 

c=180°— (A + B). 

a sin C , , ■ , . ^ , , 

—, — T- .•. logc:=loga + logsmC + logcscA. 
Bin ^x 
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Example I. Given A = 32°, a = 988.1, 6 = 672.3. A 
is acute, and a'>b; therefore, by [85], we shall have only 
one solution, and B must be acute. 

log b = 2.28276 log a = 2.9948 

log sin A = 9.7328 log sin C = 9.9096 

colog a = 7.0072 log esc A = 0.2672 

log sin B = 9.5656 log c= 3.1716 

c = 1484 
B = 21° 35', 180° — (A + B) = C = 125° 42' 

Example IL Given A = 48° 34, a = 46.24, 6 = 60.02. 
A is acute, a < 6, and a> b sin A ; therefore, by [85], 
we shall have two solutions ; and the two values of B 
(B and B') will be supplements of each other. 

colog a = 8.3350 B = 76° 43' 

log b = 1.7783 B'= 103° 17 

log sin A = 9.8749 C = 54° 43' 

log sin B = 9.9882 C = 28° 9' 

log a = 1.6650 log a = 1.6650 

log sin C = 9.9119 log sin C = 9.6737 

log CSC A = 0.1251 log CSC A = 0.1251 

log c= 1.7020 log (/= 1.4638 

c = 50.35 c' = 29.10 

Example III. 

Given a = 49.00, c = 31.24, C = 32° 18'. 

Answers. 

A = 56° 57', B = 90° 45', 6 = 58 46. 

A'= 123° 03', B' = 24° 39', 6'= 24.38. 
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§ 86. Case II. Second method. 

When the given angle, A, differs little from 90°, and 

when, at the same time, a is 
nearly equal to 6, the angles B 
and B' will differ little from 90°, 
and cannot, therefore, be deter- 
mined with accuracy from their 
sines {v. § 62). In this case, 
the following method will give 
more accurate results: b and 
A being given, we can, bj' § 69, 
solve the right triangle adc 
(Fig. 53), and find ad and p. 
Now, a and 2? being known, we 
can, by § 68, solve the triangle 

BDO, or its equal, b'dc, and find the angles B and bcd 

[= b'cd] , and the side db. 
From the above, we can find the required parts of the 

triangles abc and ab'c, for 

C = AD + DB? </ = AD — b'd, 
C = ACD + DOB = 90° — A -|-'I>CB, 
C'= ACD DOB [= b'cd] 

As has been stated before, when b and b' fall on oppo- 
site sides of the point a, there will be only one solution ; 
i.e., when b'd > ad, or when c' is negative. 

Example. Given A = 85° 2', a = 1076, & = 1078. A 
is acute, a < 6, and a > 6 sin A: therefore, bj' [85], 
there are two solutions : — 

1st, Solve, by § 69, the right triangle adc (Fig. 53). 

log sin A = 9.9984 log cos A = 8.9374 

log & = 3.0327 log 6 = 3.0327 

logp = 3.0311 log AD = 1.9701 

p — 1074 AD = 93.35 

ACD = 90 — A = 4*'58' 
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2d, Solve, by § 68, the right triangle bdc. 
Substituting, in [66], we get, — 

. , _ \ a—p 
smtDCB — ^ 2 a log (a —i)) = 0.2010 

a—p= 2. log (g+i?) = 3,3824 



a+i) = 2150. 2 1 3.6334 

2a = 2152. log BD = 1.8167 

BD = 65.57 
log (a —i))= 0.3010 
colog a = 6.9681 
colog 2 = 9.6990 



2 1 16.9681 

log sin J DOB = 8.4840 
I DOB = V 45' 
DCB = 3° 30^ = dcb' 

Prom the above we get — 

aob' = 1°28' </ = 27.77 

ACS =8° 28' c= 158.9 

§ 87. Case III. Oiven two sides and the indvded 
angle a, &, and C. 

A+B = 180° — C. 

By [68] we have 

a + 6 _ tan^(A4-B) 
a — 6""tani(A— B)* 

.-. (a+6) tani (A — B) = (a— 5) tan^ (A+B), 

.-. tani(A — B) = |^tanHA + B), 

.*. log tan J (A— B)= log (a — 6)+ log tan i (A+B) 

-|- colog (a +6). 
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We nov bsre ^ (A+B) and ^ (A— B). 
Bati(A-B)+J(A+B)=A, 

md J(A-fB)— i(A— B)=B. 

We nmr hare to obtadn c, whidi we do aa in Cases I. 
andlL 

Bj[67],- 



-•. c 



asinC 



Sin A sinC sin A 

.-. log c = log a -}- log sin C -{- log cac A. 

Example /. 

GiYCn a=48.72, 6=39^, C = 68^ W. 
A-fB=180— C=lir 20^, 
i(A+B)=55^43. 
0+6=52.704 a^og (a+6) = 8.2782 
a— 6=44.736 log (a— 6)= 1.6506 
logtan^(A + B)= 0.1664 
loga=1.6877 logtani(A— B)= 0.0952 

log sin C= 9.9689 i(A— A)= 5n4' 

log CSC A = 0.0108 J(A+B) = _55M8^ 

logc=1.6669 A=106'*5r 

c= 46.44 (r. note). B= 4° 29^ 

Example n. Given o= 7.942, 6=9.998, C = 72^ 9'. 
A+ B = 180** — C = lOr 51', 
i(A + B)=53^55'.5. 



KoTE. — c might hxve been obtained directly from the giyen parts 
by the formula c> = a* 4- h* — 2 6 e cos G; bat the above method 
is to be preferred, since the f ozmola there used is adapted to loga- 
rithmic computation. 
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a + 6= 17.942 colog(a+6) =8.7461 

a — 6 =—2.056 log (a — 6) =0.3131 n 

log a — 0.8999 log tan ^ ( A + B) = 0.1376 

log sin C= 9.9786 logtan^ (A — B) =9.1968 n 

logcscA = 0.1507 i(A — B)=— 8° 56'.8 

log c = 1.0292 i(A + B)=53° 55'.5 

C= 10.70 A = 44° 58'. 7 

B = 62°52'.3 

In solving a triangle like the above, negative quantities 
can be avoided, if use is made of the following form 
of [68],— 

6 + a _ tan^(B-f A) 
b — a tan^ (B — A)* 

Example III. 

Given a = 6.239, b = 2.348, C = 110° 82'. 
Answers. A = 52° 10', B = 17° 18', c = 7.395, 

§ 88. Case IV. Given the three sides a, &, and c. 

3 = J(a + 64-c). 

We can use here either [72], [73], [74], or [81] ; but 
[74] or [81] are to be preferred, since, by their use, accu- 
rate results can be obtained for all values of the angles 
sought (v. § 62). 

We will first use [74] which is, — 

^ ' \ s(« — a) 
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.•.logtaniA = iPog(s — &)+log(« — c) 

4* colog 8 +colog (s — a)]. 

log tan^B = i [log (s — c) +log (s — a) 
log tan i C = i [log (s — a) + log (s — 6) 

+ colog 8 + Cplog (5 — C)]. 

Any two angles having been found, it is evident that 
the third can be found from the equation, 

A+B + C = 180°. 

It is better, however, to find each angle independently, 
and then to use the above equation to test the jCccuracy of 
the work. 

Example. Given a = 0.0886, b = 0.1642, c = 0.1022, 

2 5= 0.3550 

8=z 0.1775 logs= 1.2492 

8 — a= 0.0889 log(s— a)= 2.9489 

8—b= 0.0133 log(s — 6)= 2.1239 

s — c= 0.0753 log(s — c)= 2.8768 

log(s— 6)= 2.1239 log(s — c)= 2.8768 

log(« — c)= 2.8768 log (5 — a) = 2.9489 

colog 5 = 10.7508 colog 5 = 10.7508 

colog (s — a) =11.0511 colog (5—6) = 11.8761 



2 18.8026 2 20.4526 



log tan J A= 9.4013 log tan ^B= 0.2263 

iA = 14°9' ^B = 69°18 

A =28° 18' B=118°36' 
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log (3 — a) = 2.9489 

log (5 — 6)= 2.1239 

colog 3 = 10.7508 

colog(s — c)= 11.1232 



2 18.9468 

log tan ^0= I 9.4734 

iC = 16°34' 
C = 33° 8'. 

Test. A + B + C = ISO'' 02^ {v. note) . 

§ 89. We will now solve the problem by [81], which 
is well adapted to logarithmic computation when all the 
angles are required. 
By[79],— 

log tan i A = log r + colog (s — a) , 
log tan i B = log r + colog (5 — 6), 
log tan i C = log r + colog (« — c). 

By[81],— 

logr=i[log (s— a)+log (s— 6)+log (s— c)+oolog5]. 

Example I. Given a = 409, 6 = 241, c= 182. 

8=4:16 colog 3 = 7.3809 

« — a= 7 log (5 — a) =0.8461 

8 — b = 175 log (5 — b) = 2.2430 

« — c=234 log(s — c) =2.3692 



2 2.8382 



logr= 1.4191 
log tan i A = 0.5740 iA = 75° 4' 

logtan I B = 9.1761 iB = 8° 32' 

log tan iC = 9.0499 iC = 6° 24' 

Note. — If the error (». § 62) does not exceed 2', the work is 
probably correct. 
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A =150° 8', B = 17° 4', C = 12° 48', 
Test. A + B + C = 180^ 

The formulas used in § § 88 and 89 were selected be- 
cause they were adapted to logarithmic computation. 
It is possible^ however, to solve the problem by [69]. 

Example 11. 

Given a = 17.865, b = 13.349, c = 11.111. 
Answers. 

A = 93° 20', B = 48° 16', C = 88° 24'. 



1. 


GrvenA = 37° 12' 


B — 123° r a =.0841 solve. 


2. 




A — 18° 17' 


B — 94°9' b —8400 " 


3. 




B— 160° 19' 


C = 10°0' b =9.006 " 


4. 




B— 85.18 


C — 4°42' c —1 


5. 




a —583.1 


6=503.7 A = 78° 13' '' 


6. 




a —.0008 


6— .0007 B— 40°16' " 


7. 




a =18.91 


6=9.846 A = 9° 19,' " 


8. 




b —1781 


c —982.7 B — 123° 16' " 


9. 




b =81.04 


c— 98.76 B— 24°18' " 


10. 




a =78.91 


6—68.73 C— 98°17' " 


11. 




c =16.70 


a — 14.39 B— 16°16' " 


12. 




a =17.28 


6—9.861 c =23.01 '' 


13. 




a =8.067 


6—1.76 c —7.001 '* 


14. 




a —8.981 


6—10.08 B— 120°8' " 


15. 


Consider each of the following triangles, and deter- 


mine 


whether it is possible, or impossible ; if possible. 


whether it has one, two, or more solutions. Give in full 


the reasons 


for your conclusions. 
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(1.) a=8r59'32'' 6 =44° 33' 12" c =53° 27' 16". 
(2.) a = 38° 36' h =56° 27' c =84° 12'. 

(3.) a = 121 6 = 115.36 6=94° 15'. 

(4.) a=30° 6 = 175.2 a = 150. 

(5.) a = 30° 6=175.2 a = 87.6. 

(6.) a = 34.27 6=27.34 c =62.18. 

16. Each of two ships, half a mile apart, finds the 
angles subtended by the other ship and a fort to be 
respectively 85° 15' and 83° 46' : find the distance of each 
from the fort. 

17. From a station, B, at the base of a mountain, its 
summit A is seen at an elevation of 60° ; after walking 
one mile towards the summit, up a plane making an angle 
of 30° with the horizon, to another station, C, the angle 
BCA is observed to be 135° : find the height of the moun- 
tain in yards. 

18. From a window in the same horizontal plane with 
the bottom of a steeple, the angle of elevation of the top 
of the steeple is 40° ; and from another window, 18 feet 
directly above the former, the angle of elevation is 37° 30' : 
find the height and distance of the steeple. 

19. Two men standing at the same point, C, observe the 
horizontal angle subtended by the line joining two inac- 
cessible objects, A and B ; they then move away, one in 
the direction AC to D, the other in the direction BC to E, 
until each observes the horizontal angle to be half what it 
was before : determine the distance AB when ACB = 30°, 
CD = 100, CE = 200. 

20. To determine the distance between two inaccessible 
objects, A and B, a person measures the distance between 
any two points, C and D, in the same plane with A and B : 
at C he observes the angles DC A and ACB ; and at D, 
the angles ADB and BDC : determine the distance AB 
when CD=100 feet, DCA=40°, ACB=30°, BDC=20°. 
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21. Given B, a, and the area: solve the triangle. 

22. The length of a road in which the ascent is 1 foot 
in 5, from the foot of the hill to the top is a mile and two- 
thirds. What will be the length of a zigzag road in which 
the ascent is 1 foot in 12? 

23. Given a = 24, 6 = 30, c = 18 : find the area. 

24. Two angles of a triangle are 10° and 45°, and the 
included side is 10 feet : find the area. 

25. Two sides of a triangle are equal to 3 and 12, and 
the included angle is 30° : find the hypothenuse of an 
equivalent right isosceles triangle. 

26. The diagonals of a quadrilateral are in length a and 
&, and intersect at an angle A : prove area = ^ a 6 sin A. 

27. Having measured a base line of 400 yards, whose 
upper end was 24 feet higher than the lower one, in the 
same vertical plane with the top of a hill, I found the 
angles of elevation of the top of the hill from the lower 
and upper ends of the base line to be 5° 17' and 3° 17' re- 
spectively : find the height of the hill. 

28. Being at sea, we saw two headlands, of which one 
bore S.W. by W., and the other W. by N. The chart 
showed that the first headland bore S.E. from the second, 
and was distant from it 23.25 miles. Find our distances 
from both headlands. Ans. 18.26 miles ; 32.25 miles. 

29. Two ships sail from the same port, the one S.W. 30 
miles, and the other S.E. by S. 40 miles. Find the bear- 
ing and distance of the second ship from the first 

Arts. S. 74° 30' W. ; 45.08 miles. 

30. An observer from a ship saw two headlands; the 
first bearing N.E. by E., and the second N.W. After he 
had sailed N.N.W. 10.25 miles, the first headland bore 
E. by N., and the second W.N.W. Find the bearing and 
distance of the first headland from the second. 

Ana. N. 88° 02' £., or nearly due east ; 85.25 miles. 
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31. An observer saw two headlands; the first bearing 
S.E., the second E.S.E. After sailing E. by N. 10 miles, 
he saw the first bearing S. by E., and the second S.E. by 
S. Find the bearing and distance of the first headland 
from the second. Ains. S.S.W. 6.89 miles. 

32. At one station the bearing of a cloud is N.N.W., 
and its angle of elevation 50° 35'. At a second station, 
bearing from the first N. by E., and distant 1 mile, the 
bearing of the cloud is W. by N. Find the height of the 
cloud, and its distance from each station. 

Ans. 1121 feet ; 10002 feet ; 8838. 

33. In the midst of a level plain, which is crossed by a 
straight road, stands a tower 250 feet high. An observer 
at the top of the tower sees an object which moves on the 
road. At first it bears N.N.W., and its angle of depres- 
sion is 16° 08' ; five minutes later it bears E. by S., and 
its angle of depression is 32° 18'. Find the dixeotion of 
the road, its distance from the tower, and the rate at 
which the object is moving. 

Ans. S.E. \ S. ; 250.9 feet ; 2.575 miles per hour. 

34. Given: a =12.34 chains, 6 = 17.97 chains, C = 
135°.04. 

To be computed : Area= 7.832 acres = 7 acres, 3 roods, 
13 rods. 

35. Given: a = 17.95 chains, B = 100°, C = 70°. 

To be computed : Area = 85.90 acres =: 85 acres, 
3 roods, 24 rods. 

36. Given: a = 45.56 chains, 6 = 52.98 chains, c = 

61.22 chains. 

To be computed: Area =: 117.3 acres =: 117 acres, 
1.2 roods. 

37. Given: a = 32.56 chains, 6 = 57.84 chains, c=: 
44.44 chains. 

To be computed: Area = 71.93 acres = 71 acres, 
8 roods, 29 rods. 
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38. Prove that the results contained in [85] § 85 are 
correct by the aid of the following principles : — 

a ' ' 

and, in any triangle, the greater side is opposite the 
greater angle. 



APPEJSDIX I. 



§ L The triangle of reference can be formed as stated 
in § 22, and also by dropping a perpendicular from any 
point of the terminal line on the axis y't. Thus in Fig. 
2^ (§4, Ap.), we may take ooV as a triangle of reference 
for xop', and we then have x == oV, y = oc', r = ob' ; so 
that X is negative, and y and r positive. So for xop''', in 
the same figure, we may take x = o"V, y = oo'" 



r = OB'^ 



§ 2. To find the functions ofcp±k 360°, where k is any 
integer. 

Let cp e any value of an angle xop in any quadrant 
(Fig. 2^, § 4, Ap.). If any multiple of 360° be added 
to or subtracted from cp, the result is also a value of 
the angle xop (y. § 18) ; and the triangle of reference 
for gp is also a triangle of reference for gp ± A; 360°. 
Hence the values of all the trigonometric functions are 
the same, both in numerical value and in sign, for qp and 
(p ± Jc 360°, that is, for any value of an angle xop. 

This property of the trigonometric functions is some- 
times expressed by saying that they are periodic functions, 
admitting the period 360°, or 2 7t. We shall see presently. 
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that the tangent and cotangent admit the simpler period, 
180°, orTt. 

§3. To find the functions of 'T' (p. 

Let qp be any value of an angle in any quadrant, as xop, 

xop', xop", or xop'" 
(Fig. 1a). Then will 
— g) be a value of the 




XOP 



XOP 



angle 

xop', or XOP. From 
any point of the 
terminal line of gp, as 
B, b', b", or b'", drop 
a perpendicular on 
the initial line, and 
produce it to meet the 
terminal line of — (p 
at b"', b", b', or b. 
We thus form tri- 
angles of reference 
for gp and — gp ; and, in the two triangles thus formed, 
the bases and hypothenuses are equal in numerical value 
and in sign, while the perpendiculars are numerically 
equal, but opposite in sign. Hence all the trigonometric 
functions of g? and — qp are numerically equal ; but those 
functions into which the perpendicular enters are opposite 



m sign. 



sin (- 
cos (• 
tan(- 



That is, 

-(f) 
'<P) 



— sin gp, 
cosgp, 

— tan gp, 



CSC (- 

sec (- 
ctn (- 



<p) 



cscgp, 

secgp, 
ctngp. 



[Ia] 



§ 4. To find the functions o/ 90° + gp. 
Let gp be any value of an angle in any quadrant, as 
XOP, xop', xop'^ or xop'", in Fig. 2^, where pop', p'op", 
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p^'op"', and p"'op are positive right angles. If 90"* be 

added to any of 
these angles, it is 
converted into the 
next following angle 
of the series; and 
its triangle of ref- 
erence is turned 
through a positive 
right angle (v. § 1, 
Ap.) . Now, by vir- 
tue of this rotation, 
the base of the tri- 
angle of reference 
of (p becomes the 
perpendicular of the 
triangle of reference of 90® +g), and does not change its 
sign ; but the perpendicular of the triangle of 9 becomes 
the base of the triangle of 90"* + 9, and is reversed in 
sign; while the hypothenuse remains unchanged. That 
is, 00 becomes oc', cV becomes c'V, &c., cb becomes 
c'b , oc' becomes 00", &c ; or we may write — 

base = perp' = — base" = — perp'" = base^, 
perp = — base' = — perp" = base'" = perp^. 

Hence, for each value of 9, — 

nerty *^'~ base 

Bin op = 7—^ becomes — ; = — cos (90° + op) ; 

"^ hyp hyp 

cos op = - — becomes ^—^ = sin (90° + gp) , &c. 
hj^p h}^ 

Thus we have, — 

sin (90°+ qp) = cos qp, esc (90°+ 9) = sec qp, 
cos(90°+qp)= — sinqp, sec(90°+g))= — csc<]p, [ [2^ 
tan (90°+g)) = — ctnqp, ctn (90°+g)) = — tanqp. 



* <* 
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§ 5. To find the functions of 90° — g) and g) — 90**. 

Since formulas [2^] are true for any angle qp, we may 
substitute — g) for g) in those formulas. 



Thus we have, by [1a] » 



sin (90* 
cos (90* 
tan (90* 
ctn (90* 
sec (90* 
CSC (90* 



g)) 

9) 

9) 



COS (- 

sin (- 
ctn(- 
tan(- 
csc(- 
sec (- 



qp) 

<P) 
•<P) 



:cosqp, 
:sin 9, 
: ctn g), 
:tan g}, 
: CSC g), 

: sec g). 



[3a] 



Again : putting 90* 
• g), we have, — 

sin (g) 
cos (g) 
tan (g? 
ctn (g) 
sec (g) 
CSC (g) 



— 9 for g) in [1^], or g) — 90*" for 



90**) = 
90*^) = 
90*^) = 
90**) = 
90*') = 
90*^) = 



— cos g), 
sin g), 

— ctn g), 

— tang}, 
CSC g), 

— sec g?. 



[4a] 



The angles g) and 90*^ — g? are complements of each 
other: therefore, from [3^]. we see that 

The cos of any angle is its complement's sin^ 
The esc of any angle is its complement's sec. 

The ctn of any angle is its complem£nt*s tan. 

« 

§ 6. To find the functions of k 90*^ ± g;, when k is any 
integer, positive or negative. 

The solution of this problem requires only the repeated 
use of [2a], [8a], and [4a]. 
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Thus, putting 90® + ^ ^^^ 9) ^^ [2a]» we have, — 
sin (180°+ (p) — cos (90° + gj) = — sin g), 
cos (180°+ <P)= — sin (90° + g)) = — cos gj, - [5^] 
tan (180°+ 9) = — ctn (90° + 9) = tan g?. 

and the reciprocals of these results are the esc, sec, and 
ctn of (180° + g)). We see by these formulas, that the 
tangent and cotangent admit the period 180°, or Tt (y. § 2, 

Ap.). 

Putting 180° + g; for g), in [2^], we have again, by 

[5 a],- 
sin (270° + g)) = cos (180° + g)) = — cos g), 
cos (270° + 9) = — sin (180° + (p)= sin g), ► [6^] 
tan (270° + g)) = — ctn (180° + g)) = — ctn cp. 

4 

Putting 270° + g) for g), in [2^], we have the functions 
of 360° + g), which we have already shown, in § 2 Ap., 
to be equal to the functions of g). 

Putting 90° — g) for g), in [2^], we have, by [3^], — 

sin (180° — g)) = cos (90° — g)) = sin g?, 

cos (180° — g))= — sin(90° — g))= — cosg), - [7^] 

tan (180° — g)) = — ctn (90° — g)) = — tan gj. J 

Putting 180° — g) for g), in [2^], we have by [7^], — 

sin (270° — gj) = cos (180° — gj) = — cos g), 

cos (270° — g)) = — sin (180° — g)) = — sin g), • [8^] 

tan (270° — 9) = — ctn (180° — g)) = ctn gj. J 

Putting 270° — (p for g), in [2^], we have the functions 
of 360° — g), which, by § 2, Ap., are equal to the func- 
tions of — g). 

Putting g) — 90° for g), in [4^], we have, — 

sin (g) — 180°) = — cos (cp — 90°) = — sin g), 

cos (cp — 180°) = sin (cp — 90°) = — cos g), [ [9^] 

tan (tp — 180°) = — ctn (9 — 90°) = tan 9. 
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Putting g) — 180® for 9, in [4^], we have, by [9^], — 

Bin ((p -^ 270°) == — cos (9 — 180°) = cos g), 

cos (q) — 270°) = sin (gp — 180°) = — sin g), [10^ 

tan (g) — 270°) = — ctn (g) — 180°) = — ctn g). J 

Putting g? — 270° for g), in [4^], we have the functions 
of g? — 360°, which, by § 2 Ap., are equal to those of g). 

The student should now read the remarks at the end of 
§33. 



APPEIfDIX 11. 



COLLECTION OF FORMULAS. 

AND OTHEB USEFUL MATTER, FOB EASY BEFESEKCS. 

§ 6. Circ. meas. of angle ^ =-. 

T 



§9. 



§10. 



a 



a> 



§9. 



l°=r^= 0.01745329 

r= i^r =0.00029089 

1"= ^ =0.00000485 
60 

360° = 2 ;r 

180°= n 

90° = i;r 



45° = I « 
57°.2957795 = angular unit 
ajaj57°.296.. = a? 

ic° = a? X 0.01745... 

§16. XOP =: XOB -|- BOY + TOP. 

§ia AOB = 9 ± A; 360°. 



'S 
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is called the 



§24. 



§25. 



§26. 



§27. 



§2a 



CB y perpendicular 

OB r hjpothenuse 

*oc X base 

OB r hypothenuse 

CB y perpendicular 

oc X base 

oo X base 

CB y perpendicular 

OB T hj-pothenuse 

OO X base 

OB r hypothenuse 



sine of 9 
cosine of qp 
tangent of g) 
cotangent of cp 
secant of g? 
cosecant of g) 



abbreviated into 

sin g) 



CB y perpendicular 
In addition to the above 

1 — cos 9 versed sine of g? 



cos g) 
tan g) 
ctn cp 
sec 9 
CSC g? 

versg? 



9 


sin 

+ 


cos 

+ 


tan 

+ 


ctn 

+ 


sec 

+ 


CSC 

+ 


1st quad 


2d quad 


+ 


— 


— 


— 


— 


+ 


3d quad 


— 




+ 


+ 


— 


— 


4th quad 


— 


+ 


— 


— 


+ 


— 



smg) 



1 



cos qi 



tang) = 



1 



cscg)' ' secg) 

1 1 
CSC g- = ,^ , sec g)= , ctn 9 = 



sing) 



cosg) 



ctng)' 

1 
tang)^ 



tang> 



smg? 

cosg; 

cosg) 

-: — i = ctn 0) 

sm g) ^ 

sin * g) + cos * g) = 1 
sec ^ g) = 1 -|- tan * g) 
CSC * 9 = 1 + ctn * 9 



[1] 



[2] 
[3] 

W 
[5] 

[6] 
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§ 30. sin g) = J chord 2 9 [7] 

sin (<p±k 360°) = sin g) ) 

cos ((p±k 360**) = cos g) J C^] 



§3L 



sin (180 
cos 



(180° -9)= sing,) 

(180° — g))= — cosqij L»J 

siii(180»+9)=-8m«pj 

cos (180" + q)) = — cos gi ^ L^"J 

sin (360° — <f)= sin (— <p) = — sin (j, ) 

cos (360° — qp) = cos (— qp) = cos gi I '■J 

§ 32 1^^° (;,;:- *p>=r»j [12] 

1 cos (90 — qp) = sm g, J •- -■ 



§3a- 



§32. 



[12.] 



CSC (90° — cp) = sec 9 
sec (90° — 9) = CSC q) 
tan (90° — <p) = ctn g? 
ctn (90° — 9?) = tan qi 

fsin ( 90°+g))= cosg)) 
COS ( 90° + g)) = — sin g) ) "-^^J 

sin 

cos 

sin (270° + g)) = — cos g) 

cos (270° -}- 9) = sin g) 



(270°-g))= — cosg)) ^^ 

(270° — g?) = — sin g) ^ "-J 

[15] 



§33. 



Formulas 8-15 are easily remembered, if we note 
that when g) is coupled with 0°, 180°, or k 360°, 
the functions of the angles thus formed, and those 
of g), are numericdlly the same; while when (p is 
coupled with 90°, or 270°, the functions of the 
angles thus formed, and those of g), are numerically 
complementary. 

The algebraic sign is determined in each case by 
supposing g) to be acute, and then noticing to wbjat 
quadrant the resulting angle belongs. 
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§43. 



Angle 
0° 


sin 


COS 


tan 



ctn 


sec 


CSC 

00 





1 


00 


1 


30° 


i 


iV3 


Vi 


V3 


2Vi 


2 


45° 


Vi 


Vi 


1 


1 


V2 


V2 


60° 


^3 


i 


V3 


Vi 


2 


2Vi 


90° 


1 





00 





00 


1 


120° 


^S 


-i 


-V3 


-Vi 


— 2 


2Vi 


135° 


Vi 


-Vi 


— 1 


1 


-V2 


V2 


150° 


i 


-iV3 


-v^ 


— V3 


-2Vi 


2 


180° 





— 1 





00 


— 1 


00 


270° 


— 1 





00 





00 


— 1 


360° 


• 




.1 





00 


1 


00 



[16] 



§44. 





sin. 


COS. 


tan. 


Ctn. 


sec. 


CSC. 


0° 


TO 


+ 1 


TO 


T» 


+ 1 


=Foo 


1st qu. 


inc. 


dec. 


inc. 


dec. 


inc. 


dec. 


90° 


+ 1 


± 


±00 


± 


±00 


+ 1 


2dqa. 


dec 


dec. 


inc. 


dec. 


inc. 


inc. 


180° 


± 


— 1 


=F 


=Foo 


— 1 


+ 00 


3d qu. 


dec. 


inc. 


inc. 


dec. 


dec. 


inc. 


270° 


— 1 


=F0 


±00 


± 


+ 00 


— 1 


4th qu. 


inc. 


inc. 


inc. 


dec. 


dec. 


dec. 


360° 


TO 


+ 1 


TO 


qpoo 


+ 1 


=Foo 



[17} 



§46. 



sin (a ± ^) = sin « cos ^ ± cos a sin § 
oo8(a± §) =co8acos|3 T Bin asinjS 



[18] 
[19] 
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§4a 



§49. 



§50. 



tan (a ± B)=z -— i-- 

^ ^^ 1 qp tan a tan j? 

4. / i o\ ctn a ctn 5 qp 1 

ctn (a± B)= —-—z 4- — 

^ ^^ ctn ^ qp ctn a 



[20] 
[21] 



Bin (a -f- j3) tan a -|- tan ^ ctn ^ + ctn a 

sin (a — ^) tan a — tan j3 ctn ^ — ctn a -^ 

cos (a -j- ^) 1 — tan a tan ^ ctn (3 — tan a _ -. 

cos (a — ^) 1 -f- tan a tan /3 ctn ff-f- ^^^ " 

sin (a + i^) si^ (« — ^) =8in^a — sin^/3 ) p^ - 

= cos*j3 — cos^a ; 

cos (a -|- ^) c<^s (a — j5)=cos^a — sin §) _ -. 

= cos */5 — sin^a^ ^ -' 



sin 2 a = 2 sin a cos a 
cos2a = cos^a' — sin* a (I.) 



tan2a= 



ctn 2 a = 



2cos*a — 1 
1 — 2sin«a 

2 tana 
1 — tan^a 

ctn^g — 1 
2 ctn a 



(n.) 
(in.) 



[26] 
[27] 



[28] 



[29] 



§SL 



. « 
Bin- 

a 



= Vi (1 — cos a) 



cos- = Vj (1+cosa) 



a 
ctn 2 



=4 



1 — cos a 
1 + cos a 

1 + cos a 
1 — cosa 



[30] 
[31] 
[32] 



[83] 
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§52. 



§53. 



54: 



ctn 2 a=^(ctn a — tan a) 
CSC 2 a = J (tan a -f- ctn a) 
tan ^ a = esc a — ctn a 

ctn i a = CSC a 4- ctn a = r — 

^ ' CSC a — ctn a 

tan (45° -^ ^ a) = &ec a -\- tan a. 

tan (45° — ^ a) = ctn (45° -f ^ a) 

1 
= sec a — tan a = 



sec a -f- tan a 



sin (a + ^) + sin (a — ^) = 2 sin a cos ^ 
sin (a -f- ^) — sin (a — ^) = 2 cos a sin |3 
cos (a + ^) + cos (a — ^) = 2 cos a cos |3 
cos (a — /3) — cos (a + ^) = 2 sin a sin ^ 
sina-j-sin|3 = 2sin i (a + /3) cos^ (a — ^) 

sin a — sin ^ = 2 cos ^ (a + 1^) sin ^ (a — /3) 
cosa4"C^s^=2 cos^ (a + ^) cosj (a — §) 
cos^ — cosa = 2sini (« + ^) sin J (a — ^) 

sin a -f" sin |3 tanj^(«-^^) 

"■tani(a — ^) 



sma 



7 



COSa + COS^ a V I r/ « \ r/ 



sin a db sin /3 
cos a -f" ^^® ^ 
sin a =F sin ^ 
cos^ — cos a 

sin a < a < tan a 



= tan i(a±^) 
= ctn i (a ± ^) 



§ 55. cos a > 1 
§56. 



^a 



*«• 



sin « >• tf • 

co8a<l — ia'+A*** 



[34] 
[35] 
[36] 

[37] 

[38] 

[39] 

[40] 
[41] 
[42] 
[43] 
[44] 
[45] 
[46] 
[47] 

[48] 
[49] 
[50] 

[51] 

[52] 
[59] 

[68] 
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§6& 



6=V(c + a) (c — a) 



§6a su.iA = ^^-^^sln^B = ^^ 



§71. 



a 



2c 
5 c 



sin A sin B sin C 



S72 Hl?_tani(A + B) 
^^^ a — 6""tani(A — B) 

* a« == 62 1|- c^ — 2 6 c cos A 



>^\:c 



m * + n * 4" 2 »» « cos w 
§ 74. • a = 6 cos C + c cos B 

>-6)(«-c) 



§7& 



osiA=+ J 



s (a — a) 
"6c 



§76. •taniA = + | («-;)(»-<^) 
* ' ^ 5 (s — a) 



* K = ^ 6 c sin A 



§77. 



*K = 



a^ sin B sin C 



sin (B + C) 
K=^/8 {8 — a){8 — b){8 — c) 



§78. K = 8r 



§79. 



^^K^ l (5-a)(^-6)( 
r == 5 tan ^ A tan ^ B tan ^ C 



-c) 



§80. *taniA= 



^i 



8 — a 



[65] 

[66] 

[67] 

[68] 

[69] 
[70] 

[71] 
[72] 

[73] 

[74] 

[75] 
[76] 

[77] 
[78] 

[79] 
[80] 
[81] 



